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1. Real Numbers and the Real Line

1.1. Real Numbers

All concepts in calculus are based on properties of the set of real numbers. We start with
the set of Natural numbers❍? , N = {1, 2, 3, . . .} .

The set of Integers❍? , Z = {0,±1,±2,±3, . . .} consisting of the natural numbers with their
additive inverses and the zero. Then we can construct the Rational❍? numbers, which are
the ratios of integers. The set of rational numbers, Q =

{a

b
| a, b are integers and b �= 0

}
.

For example,
1
2

,
−7
11

, 23 =
23
1

, 0 =
0
2

, 0.15 =
15
100

are all rational numbers.

The rational numbers are precisely the real numbers with decimal expansions❍? are

1. terminating❍? 1
2

= 0.5 ,
3
4

= 0.75

1. eventually repeating❍? 23
11

= 2.090909 . . . = 2.09 ,
11
7

= 1.571428571428571428 . . . =

1.571428

Some real numbers, such as
√

2, e, π can not be written as a ratio of integers and hence
they are called Irrational❍? numbers. They are characterized by having nonterminating
and nonrepeating decimal expansions. The set of all rational and irrational numbers is the
set of Real numbers❍? R . There is a one-to-one correspondence between R and points
on a coordinate line (or real line) as illustrated in the following Figure.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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1.2. Set Notation

A set is a collection of objects- called elements- If S is a set, a ∈ S means a is an element
of S and a /∈ S means a is not an element of S. Describing a set can be done by listing
their elements in braces. For example the set A of all natural numbers less than 6 can be
written as A = {1, 2, 3, 4, 5}. Another way to describe a set is to enclose in braces a rule
that generates all the elements of the set. For example the set of natural numbers less than
6 can be written A = {x|x ∈ N and x < 6}. If S and T are sets, then S ∪ T is their union
and cosiest of all elements in both sets S ∪ T = {x|x ∈ S or x ∈ T }. The intersection S ∩ T
consist of all elements in both sets S ∩T = {x|x ∈ S and x ∈ T }. The empty set ∅ is the set
that contains no elements. If a and b are real numbers, and a− b is negative, we say that a
is less than b and we write a < b. An equivalent statement is b is greater than a. The
symbol a ≤ b, which read a is less than or equal to b, means that either a < b or a = b.
When working with inequalities, note the following rules.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

−14
5

= −2.8
9
2

= 4.5π ≈ 3.14159e ≈ 2.71828
√

2 ≈ 1.41421−
√

2 ≈ −1.41421
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1.3. Rules for Inequalities

Let a, b, c and d be real numbers
1. If a < b, then a ± c < b ± c. Add and Subtract a constant.

2. If a < b and b < d, then a < d. Transitive Property.

3. If a < b and c < d, then a + c < b + d. Add inequalities .

4. If a < b and c > 0, then ac < bc. Multiply by a positive constant.

5. If a < b and c < 0, then ac > bc. Multiply by a negative constant.

6. If a < b and c > 0, then
a

c
<

b

c
. Divide by a positive constant.

7. If a < b and c < 0, then
a

c
>

b

c
. Divide by a negative constant.

8. If 0 < a < b, then
1
a

>
1
b

> 0.

Note 1: Note that Properties 5, 6 tell you to reverse the inequality when you multiply or
divide by a negative number.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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1.4. Types of Intervals in R

Let a and b be real numbers such that a < b❍? . The following table lists the nine possible
types of intervals.

No. Notation Interval Type Inequality Graph

1 [a, b] Closed a ≤ x ≤ b
a b

−∞ ∞

2 (a, b) Open a < x < b
a b

−∞ ∞

3 [a, b) Half-Open a ≤ x < b
a b

−∞ ∞

4 (a, b] Half-Open a < x ≤ b
a b

−∞ ∞

5 [a,∞) Half-Open a ≤ x
a

−∞ ∞

6 (a,∞) Open a < x
a

−∞ ∞

7 (−∞, a] Half-Open x ≤ a
a

−∞ ∞

8 (−∞, a) Open x < a
a

−∞ ∞

9 (−∞,∞) Entire real line −∞ ∞

The symbols ∞ (positive infinity) and −∞ (negative infinity) do not represent real numbers.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

a < b: Read a is less than b. Similarly, a > b:
Read a is greater than b.
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Example 1. Solve: 2x − 1 < x + 3

Solution:

2x − 1 < x + 3 add 1 to both sides .

2x < x + 4 subtract x from all sides

x < 4

Hence the solution is (−∞, 4).❍? �

Example 2. Solve:
−x

3
< 2x + 1

Solution:
−x

3
< 2x + 1 multiply all sides by 3.

−x < 6x + 3 subtract 6x from all sides

−7x < 3 divide by −7 all sides and note it is negative

x > −3
7

Hence the solution is (−3
7
,∞).❍? �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 3. Solve the inequality
6

x − 1
≥ 5.

Solution:
6

x − 1
≥ 5 ⇔ 6

x − 1
− 5 ≥ 0 subtract 5 from all sides .

⇔ 6
x − 1

− 5(x − 1)
(x − 1)

≥ 0 make a common denominator

⇔6 − 5x + 5
x − 1

≥ 0 simplify

⇔11 − 5x

x − 1
❍? ≥ 0 we are looking for positive sign.

The real zeros of the numerator and the denominator are x = 11/5 and x = 1. So the
expression’s test intervals are (−∞, 1), (1, 11/5], and [11/5,∞).

Now, we use the real line to find the sign of each expression.

���+ + ++ −−−−sign of 11 − 5x 1 11/5

�� �1 11/5sign of x − 1 −−−− + + ++
�� �sign of

11 − 5x

x − 1
−−− + + + −−−1❍? 4❍?

Hence the solution is (1, 11/5].❍? �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

We need to find the zeros of the numerator
and the denominator.

We find the (+) signs in the interval (1, 11/5].

0 1 2

�� �
11
5

−∞ ∞

We included 11/5 because we have equal sign
and excluded 1 because it makes the denom-
inator equal zero and dividing by zero is not
allowed.
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1.5. Absolute Value

Let a be a real number. The absolute value of a, denoted by |a|, is

|a| =
{

a, if a ≥ 0;
−a, if a < 0.

Note 2: Note that the absolute value of a number a is the distance from a to the origin 0,
hence |a| ≥ 0.

Example 4. Evaluate the following :
(a) | − 4|
(b) |4 − π|
(c) |2 − π|

Solution:
(a) | − 4| = −(−4) = 4.

(b) |4 − π| = 4 − π, since 4 > π.

(c) |2 − π| = −(2 − π) = π − 2, since 2 < π.

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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1.6. Properties of Absolute Value

Suppose that a, b, and c are any real numbers, and suppose that c > 0. Then

1.
√

a2 = |a|
2. | − a| = |a|.
3. |ab| = |a||b|
4. |an| = |a|n, for any integer n.

5.
∣∣∣a
b

∣∣∣ =
|a|
|b| (b �= 0).

6. |x| = c if and only if x = ±c.

7. |x| < c if and only if − c < x < c.

8. |x| ≤ c if and only if − c ≤ x ≤ c

9. |x| > c if and only if x > c or x < −c.

10. |x| ≥ c if and only if x ≥ c or x ≤ −c

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 5. Solve the equation |2x − 3| = 7.

Solution:

|2x − 3| = 7 ⇔ 2x − 3 = ±7 By property 4.

2x − 3 = 7 2x − 3 = −7 add 3 to all sides
2x = 10 2x = −4 dived all sides by 2
x = 5 x = −2 we have two solutions

Hence the solution are {−2, 5}. �

Example 6. Solve the inequality
∣∣∣∣5 − 2

x

∣∣∣∣ < 1.

Solution:∣∣∣∣5 − 2
x

∣∣∣∣ < 1 ⇔ −1 < 5 − 2
x

< 1 By property 7 subtract 5 to all sides .

⇔ −6 < − 2
x

< −4 dived all sides by −2 and note it is negative

⇔ 3 >
1
x

> 2 Take reciprocals

⇔ 1
3

< x <
1
2

Hence the solution is (1/3, 1/2). �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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To complete the square for the expression x2+bx+c add and subtract the square of one-half

the coefficient of x, that is,
(

b

2

)2

. Thus,

x2 + bx + c =
=0︷ ︸︸ ︷

= x2 − bx +
(

b

2

)2

︸ ︷︷ ︸−
(

b

2

)2

+ c︸ ︷︷ ︸
=

(
x − b

2

)2

+
4c − b2

4

Example 7. Complete the square for x2 + 4x + 1.

Solution:

x2 + 4x + 1 =
=0︷ ︸︸ ︷

= x2 + 4x +
(

4
2

)2

︸ ︷︷ ︸−
(

4
2

)2

+ 1︸ ︷︷ ︸
= x2 + 4x + 4︸ ︷︷ ︸−4 + 1︸ ︷︷ ︸
= (x + 2)2 − 3

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 8.

Solve: x2 − 3x > 4

Solution:

x2 − 3x > 4 we want to complete the square we have a = 1, b = −3

x2 − 3x +

(−3

2

)2

> 4 +

(−3

2

)2

we add

(
b

2

)2

to both sides

x2 − 3x +
9

4
> 4 +

9

4
simplify an note that4 =

16

4(
x − 3

2

)2

>
25

4
take the square root for both sides√(

x − 3

2

)2

>

√
25

4
use the properties of absolute value∣∣∣∣x − 3

2

∣∣∣∣ >
5

2
⇔ x − 3

2
>

5

2
or x − 3

2
< −5

2

⇔ x >
3

2
+

5

2
or x <

3

2
− 5

2

⇔ x >
8

2
or x <

−2

2

⇔ x > 4 or x < −1

Hence the solution is (−∞,−1) ∪ (4,∞). �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 9. Solve: x2 − 3x > 4

Solution: We have a second degree inequality.

First, we write x2 − 3x − 4 > 0 we are looking for a positive sign.

Second, set x2 − 3x − 4 = 0 to find the zeroes
(x − 4)(x + 1) = 0 factor

Hence x = −1, 4.

Third, use the real line to find the sign of each expression.

sign of x − 4
4❍?
��−−−− + + ++

sign of x + 1 ��−1❍?−−−− + + ++

sign of (x − 4)(x + 1) �� ��+ + + −−− + + +−1 4

Hence the solution is (−∞,−1) ∪ (4,∞).❍? �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

We find the (+) signs in the interval (−∞,−1)
or (4,∞).
We excluded −1 and 4 because we do not have
equal sign we have only grater than.
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