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Partial Fractions 
 

Suppose 
)(
)(

)(
xQ
xP

xf =  is a rational function; that is, )(xP  and )(xQ are polynomial functions.  If the degree 

of )(xP  is greater than or equal to the degree of )(xQ , then  by long division, 
)(
)(

)(
)(
)(

)(
xQ
xR

xS
xQ
xP

xf +==  

where 
)(
)(

xQ
xR

 is a proper rational fraction; that is, the degree of )(xR  is less than the degree of )(xQ .  A 

theorem in advanced algebra states that every proper rational function can be expressed as a sum 

)()()(
)(
)(

21 xFxFxF
xQ
xR

n+⋅⋅⋅++=  

where )(...,),(),( 21 xFxFxF n  are rational functions of the form  

kbax
A

)( +
 or kcbxax

BAx
)( 2 ++

+
 

in which the denominators are factors of )(xQ .  The sum is called the partial fraction decomposition of 

)(
)(

xQ
xR

.  The first step is finding the form of the partial fraction decomposition of 
)(
)(

xQ
xR

 is to factor )(xQ  

completely into linear and irreducible quadratic factors, and then collect all repeated factors so that )(xQ is 
expressed as a product of  distinct factors of the form  

mbax )( +  and mcbxax )( 2 ++ . 
From these factors we can determine the form of the partial fraction decomposition using the following two 
rules: 
Linear Factor Rule:  For each factor of the form mbax )( + ,  the partial fraction decomposition contains the 
following sum of m partial fractions: 

m
m

bax
A

bax
A

bax
A
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21

+
+⋅⋅⋅+

+
+

+
 

where A1, A2, . . ., Am are constants to be determined. 
Quadratic Factor Rule:  For each factor of the form mcbxax )( 2 ++ ,  the partial fraction decomposition 
contains the following sum of m partial fractions: 

m
mm

cbxax
BxA

cbxax
BxA

cbxax
BxA

)()( 222
22

2
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++
++⋅⋅⋅+

++
++

++
+

 

where A1, A2, . . ., Am, B1, B2, …, Bm are constants to be determined. 
 

I.  Integrating Improper Rational Functions 
 

Example 1:  Express   
2 3

1
x
x

+
−   

 in the form A
B

x
+

−1
 .  

Solution: 

2 3 ( 1)
1 1 1 1

x B A x B Ax A B
A

x x x x
+ − + − += + = =
− − − −
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Comparing coefficients with the original fraction gives, then  A = 2,  − + =A B 3, then  B = 5 . 

2 3 5
2

1 1 1
x B

A
x x x

+ = + = +
− − −

 

Example 2:  Find 
3 1

1
x

dx
x
�
�� . 

Solution: By synthetic division, then 
3

21 2
1

1 1
x

x x
x x

+ = + + +
− −

. Thus,  

3
2 3 21 1 1 1

( 1) 2 ln 1 .
1 1 3 2

x
dx x x dx dx x x x x C

x x
�

� � � � � � � � � �
� �� � �   

Example 3:  Find 
3

2 2
x

dx
x x� �� . 

Solution:  By long division , 
2

23
1

2 22

3

−−
+++=

−− xx
x

x
xx

x
. Thus,  

3

2 2

3 2
( 1)

2 2
x x

dx x dx dx
x x x x

�
� � �

� � � �� � � . 

By partial fraction decomposition,  

2

3 2 8 1
ln 2 ln | 1 | .

2 3 3
x

dx x x
x x

�
� � � �

� ��  

3
2

2

1 8 1
ln 2 ln 1 .

2 2 3 3
x

dx x x x x C
x x

� � � � � � �
� ��  

Example 4:  Express 
5 2

22

x
x x

+
− −  

in partial fractions. 

Solution: Factories the denominator and separate the factors to give two fractions: 

5 2
2 1
x

x x
+

− +( )( )
 =

−
+

+
A

x
B

x( ) ( )2 1
 

Express again as a single fraction: 

5 2
2 1
x

x x
+

− +( )( )
= + + −

− +
A x B x

x x
( ) ( )
( )( )

1 2
2 1

 = + + −
− +

( ) ( )
( )( )

A B x A B
x x

2
2 1

 

Compare coefficients: A B+ = 5  &  A B− =2 2  , then    B = 1  & A = 4 . 

5 2
2 1
x

x x
+

− +( )( )
=

−
+

+
4

2
1

1x x
 

II.  Integrating Proper Rational Functions 
 

Example 5:  Find 2

3 17
2 3

x
dx

x x
�
� �� . 

Solution:    �+−=−− )1)(3(322 xxxx  using the Linear Factor Rule, we get 

2

3 17 3 17
2 3 ( 3)( 1) 3 1

3 17 ( 1) ( 3)

x x A B
x x x x x x
x A x B x

− −= = +
− − − + − +

⇔ − = + + −
  

 1x +  
22 −− xx  000 23 +++ xxx  

 xxx 223 −−  
        xx 22 +  
        22 −− xx  
                23 +x  
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If we let 3=x , then 248 −=�=− AA ; if we let 1−=x , then �−=− B420 5=B .  Thus,  

2

3 17 3 17 1 1
2 5

2 3 ( 3)( 1) 3 1

2ln 3 5ln 1 .

x x
dx dx dx dx

x x x x x x

x x C

� �
� �� �

� � � � � �

�� � � � �

� � � �  

Example 6:  Find 
2

3 4
4 4

x
dx

x x
�

� �� . 

Solution:  �−=−−=−− 22 )2()2)(2(44 xxxxx by the Linear Factor Rule, we get 

2 2 2

3 4 3 4
4 4 ( 2) 2 ( 2)

3 4 ( 2)

x x A B
x x x x x

x A x B

− −= = +
− + − − −

⇔ − = − +
 

 If we let x = 2, then B=2 ;  if we let x = 3, then �+=+= 25 ABA 3=A .  Thus, 

2 2

3 4 1 1 2
3 2 3ln 2 .

4 4 2 ( 2) 2
x

dx dx dx x C
x x x x x

�
� � � � � �

� � � � �� � �  

Example 7:  Find 
2

3 2

4 2x x
dx

x x
� �
�� . 

Solution:  �−=− )1(223 xxxx  using the Linear Factor Rule with both x2 (multiplicity of linear factors) and 
x – 1, we get  

2 2

3 2 2 2

2 2

4 2 4 2
( 1) 1

4 2 ( 1) ( 1)

x x x x A B C
x x x x x x x

x x Ax x B x Cx

+ − + −= = + +
− − −

⇔ + − = − + − +
 

If we let x = 0, then 2)1(2 =�−=− BB ; if we let x = 1, then 3=C ; and, if we let x = 2, then 
12212224216 =�=�++=++= AAACBA .  Thus, 

2

3 2 2

4 2 1 1 1 2
2 3 ln 3ln 1 .

1
x x

dx dx dx dx x x C
x x x x x x
� �

� � � � � � � �
� �� � � �  

Example 8:  Find 
2

1
1

x
dx

x
�
�� . 

Solution: 

2 2 2 2 2

2

1 1 1 2 1
1 1 1 2 1 1

1
ln 1 arctan .

2

x x x
dx dx dx dx dx

x x x x x

x x C

�
� � � � �

� � � � �

� � � �

� � � � �
 

Note:  This problem doesn’t really illustrate the Quadratic Factor Rule, but it does illustrate how to split a 
fraction with a linear numerator and a quadratic denominator into the sum or difference of two fractions with 
the same quadratic denominator. 

Example 9:  Find 
2

2

7 2
( 1)( 1)

x x
dx

x x
� �

� �� . 

Solution:  Using both the Linear Factor Rule and the Quadratic Factor Rule, we get 
2

2 2

2 2

7 2
( 1)( 1) 1 1

7 2 ( 1) ( )( 1)

x x A Bx C
x x x x

x x A x Bx C x

+ + += +
− + − +

⇔ + + = + + + −
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If we let 1=x , then  5210 =�= AA ; if we let 0=x , then 352 =�−=−= CCCA ; and if we let 2=x , 
then 32 = 242322525 =�=�++=++ BBBCBA .  Thus,  

2

2 2 2 2

2

7 2 5 2 3 1 2 1
5 3

( 1)( 1) 1 1 1 1 1

5ln 1 ln 1 3arctan .

x x x x
dx dx dx dx dx dx

x x x x x x x

x x x C

� � �
� � � � �

� � � � � � �

� � � � � �

� � � � � �
 

Example 10:  Find 
2

2 2

5 11
( 1)( 4)

x
dx

x x
�

� �� . 

Solution: 
2

2 2 2 2

2 2 2

5 11
( 1)( 4) 1 4

5 11 ( )( 4) ( )( 1)

x Ax B Cx D
x x x x

x Ax B x Cx D x

+ + += +
+ + + +

⇔ + = + + + + +
 

 First method: Compare coefficients 
2 2 25 11 ( )( 4) ( )( 1)x Ax B x Cx D x+ = + + + + +  

3

2

coeff . 0 (1)

coeff . 5 5 (2)
coeff . 0 4 (3)

const.. coeff . 11 4 (4)

x A C A C

x B D D B

x A C

B D

= + � = −
= + � = −
= +
= +

 

From (1) and (3) we get 0 & 0.C A= =  From (2) and (4) we get 11 4 5 2 & 3.B B B D= + − � = =  
 Second method: 
 If we let x = 0, then DB += 411 ; if we let 1=x , then DCBA 225516 +++= ; if we let 1−=x ,then 

DCBA 225516 +−+−= ; and if 2=x , then DCBA 51081631 +++= . If we add the equations 
DCBA 225516 +++=  and DCBA 225516 +−+−= , we get �+= DB 41032 combining this equation 

with DB += 411 , we get 2=B  and 3=D .  If we subtract the equations DCBA 225516 +++=  and 
DCBA 225516 +−+−= , we get �−=�+= ACCA 524100 combining this equation with 
DCBA 51081631 +++= , ,2=B and 3=D , we get 31 = 16A + 00152516 =�=�+− CAA .  Thus,  

2

2 2 2 2

5 11 1 1 3
2 3 2arctan arctan .

( 1)( 4) 1 4 2 2
x x

dx dx dx x C
x x x x

��� ��� � � � ��� ���	
� � � �� � �  

Example 11:  Find 
4 2

1
dx

x x+� . 

Solution: 

4 2 2 2 2 2

2 2 2

1 1
( 1) 1

1 ( 1) ( 1) ( )

A B Cx D
x x x x x x x

Ax x B x Cx D x

+= = + +
+ + +

⇔ = + + + + +
 

If we let 0=x , then .1 B=   If we let 1=x , then .12221 −=++�+++= DCADCBA   If we let 1−=x , 
then �−=+−−�+−+−= 12221 DCADCBA adding this equation to the equation 12 −=++ DCA , we 
get 1−=D .  If we let 2=x , then �+++= DCBA 485101 CA 8100 += .  Taking the equations 

CA 8100 +=  and 02 =+ CA , we obviously get that 0=A  and 0=C .  Thus,  

4 2 2 2

1 1 1 1
arctan .

1
dx dx dx x C

x x x x x
�

� � � � �
� �� � �  
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Preview 
 

Guidelines for Partial Fraction Decomposition of  f x
g x

( )
( )

 

 
1. If the degree of f x( )  is not lower than the degree of g x( ) , use long division to obtain the 

proper form. 
 
2. Express g x( ) as a product of linear factors ax b+  or irreducible quadratic  

ax bx c2 + + , and collect repeated factors so that g x( )  is a product of different factors of the 

 form ( )ax b n+  or ( )ax bx c
n2 + +  for a nonnegative integer n. 

 
3.   Apply the following rules. 
 
 Case I.  Distinct Linear Factors 

To each linear factor ax b+  occurring once in the denominator of a proper rational fraction, there 

corresponds a single partial fraction of the form
A

ax b+
 , where A is a constant to be determined. 

 
 Case II.  Repeated Linear Factors 
 To each linear factor ax b+  occurring n times in the denominator of a proper rational 
  fraction, there corresponds a sum of n partial fractions of the form 

( ) ( )
A

ax b
A

ax b

A

ax b
n

n
1 2

2+
+

+
+ ⋅ ⋅ ⋅ +

+
 

 where the A’s are constants to be determined. 
 
 Case III.  Distinct Quadratic Factors 

To each irreducible quadratic factor ax bx c2 + +  occurring once in the denominator of a proper 

rational fraction, there corresponds a single partial fraction of the form 
Ax B

ax bx c
+

+ +2 , where A and B 

are constants to be determined. 
 
 Case IV.  Repeated Quadratic Factors 

To each irreducible quadratic factor ax bx c2 + +  occurring n times in the denominator of a proper 
rational fraction, there corresponds a sum of n partial fractions of the form 

( ) ( )
A x B

ax bx c
A x B

ax bx c

A x B

ax bx c
n n

n
1 1

2
2 2

2 2 2

+
+ +

+ +

+ +
+ ⋅ ⋅ ⋅ + +

+ +
 

 where the A’s and B’s are constants to be determined.
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Problems: 

1.   Express in the form A
B

x C
+

+
 when A, B and C are constants: 

 a) 
x
x

+
+

2
1

 b) 
x
x

−
−

1
2

 c) 
2 6

2
x

x
+

+
 

 

 d) 
2 7

3
x
x

−
−

 e) 
4 8

3
x

x
+

−
 f) 

9 5
3 5

x
x

−
−

 

 
2. Express in partial fractions: 

 a) 
2

1 1x x− +� �� �  b) 
5

2 2x x+ −� �� �  c) 
4

2 1 2x x− −� �� �  
 

 d) 
x

x x
+
+

3
2  e) 

x
x x

+
−

2
2  f) 

5 1
1 3 1
x

x x
+

+ +� �� �  
3. Express in partial fractions: 
 

 a) 
x

x x

2 3
1 1

−
+ −� �� �  b) 

x x
x x

3 22
3 1
−

− +� �� �  c) 
x x

x x

3 2

2 1
+

+ −� �� �  
 
4-13. Find the following integrals 
 

4. 
2

2

3 4
( 2)

x x
dx

x x
� � �

��  5. 2

4 2
( 1)( 1)

x
dx

x x
�

� ��  

6. 2

6
2

x
dx

x x
�
��  7. 2 2

1
dx

u a��  

8. 
2

2

3 1
( 1)( 4)

x x
dx

x x
� �

� ��  9. 
2

2

3 2
( 1)( 1)

x x
dx

x x
� �

� ��  

10. 
2 3 2

x

x x

e
dx

e e� ��  11. 
1

1
dx

x x ��  

12. 
3

2

1
1

x
dx

x
�
��  13. 

2

2

6 7 6
( 2)

x x
dx

x x
� �
��  

               
 


