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6. Derivatives and Rates of Change

6.1. Tangents

Let C be a graph of the function y = f(x), and let a ∈ D(f). If we want to find the equation
of the tangent line to the graph of y = f(x) at the point P (a, f(a)) we need to find the
slope of the tangent line first.
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Definition 6.1: [Tangent line]
The tangent line to the curve y = f(x) at x = a or (the point (a, f(a))) is the line through

the point (a, f(a) with slope m = lim
x→a

f(x)− f(a)

x− a
provided the limit exist. Application of

the point-slope formula gives an equation of this tangent line y − f(a) = f ′(a)(x − a).

Example 1. Find an equation of the tangent line to f(x) =
√
x, at the point (4, 2).

Solution:

m = lim
x→4

f(x)− f(4)

x− 4

= lim
x→4

√
x−√

4

x− 4

= lim
x→4

√
x− 2

x− 4
·
√
x+ 2√
x+ 2

= lim
x→4

x− 4

(x− 4)(
√
x+ 2)

= lim
x→4

���x− 4

����(x − 4)(
√
x+ 2)

= lim
x→4

1√
x+ 2

=
1

4
.

Using the point-slope form of the equation of a line, we obtain y − 2 =
1

4
(x − 4) ⇔

y =
1

4
x+ 1.❍

?
Which is the desired equation. �
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There is another expression for the slope of the tangent line which is look easier to remember. Let

h = x− a ⇒ x = a+h, then the slope of the secant line will be
f(a+ h)− f(a)

h
. Note that h could

be positive or negative. The slope of the tangent line will be m = lim
h→0

f(a+ h)− f(a)

h
provided

the limit exist. See the graph below
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Example 2. Find an equation of the tangent line to f(x) =
2

x+ 1
, at the point (1, 1).

Solution:

m = lim
h→0

f(1 + h)− f(1)

h

= lim
h→0

2
1+h+1 − 2

1+1

h

= lim
h→0

2
2+h − 1 · 2+h

2+h

h

= lim
h→0

2−(2+h)
2+h

h

= lim
h→0

−�h

�h(2 + h)

= lim
h→0

−1

2 + h

=
−1

2
.

Using the point-slope form of the equation of a line, we obtain y − 1 =
−1

2
(x − 1) ⇔

y =
−1

2
x+

3

2
.❍
?
Which is the desired equation. �
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6.2. Velocities

Assume an object is moving according to the equation s = f(t) where s is the displacement(
position function) of the object from a fix time. If we want to find the velocity at time t = a.
We can compute the average velocity on an interval starting or ending with a for example
the interval between point P (a, f(a)) and the point Q(a+h, f(a+h)) [a, a+h]. The average

velocity over this interval is average velocity =
displacement

time
=

f(a+ h)− f(a)

h
which is

the slope of the secant line. If we let h goes to 0 this making the point Q moves closer and
closer toward P. We define the velocity(instantaneous velocity) at time t = a, v(a), to be

the limit v(a) = lim
h→0

f(a+ h)− f(a)

h
, provided this limit exist.

�

�

h

f(a+ h)− f(a)

a a+ h

P
f(a)

f(a+ h) Q

t

s s = f(t)
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Example 3. If a ball is dropped from a height of 10 meters, the height s at time t is given
by s(t) = −4.9t2 + 10. Find the ball velocity after t = 2 second.

Solution:

v(2) = lim
h→0

s(2 + h)− s(2)

h

= lim
h→0

−4.9(2 + h)2 + 10− (−4.9(2)2 + 10)

h

= lim
h→0

−4.9(4 + 4h+ h2) + 10 + 19.6− 10

h

= lim
h→0

−19.6− 19.6h− 4.9h2 + 10 + 19.6− 10

h

= lim
h→0

h(−19.6− 4.9h)

h

= lim
h→0

�h(−19.6− 4.9h)

�h
= lim

h→0
(−19.6− 4.9h)

= −19.6.

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �



Derivatives and Rates of Change c©Hamed Al-Sulami 9/11

6.3. Derivatives

Definition 6.2: [The Derivative]
Let f be a function and a ∈ D(f) such that f is defined in an open interval containing a.

The derivative of f at x = a, denoted by f ′(a), is f ′(a) = lim
h→0

f(a+ h)− f(a)

h
if the limit

exist. The definition, as stated can be rewritten using other variables. Let x = a+ h, then

h = x− a. Thus f ′(a) = lim
x→a

f(x)− f(a)

x− a
.

Example 4. Find the derivative of f(x) = x2 + 2x at x = −1.

Solution:

f ′(−1) = lim
h→0

f(−1 + h)− f(−1)

h

= lim
h→0

(−1 + h)2 + 2(−1 + h)− ((−1)2 + 2(−1))

h
= lim

h→0

1− 2h+ h2 − 2− h− (−1)

h

= lim
h→0

h2 − 3h

h
= lim

h→0

h(h− 3)

h

= lim
h→0

�h(h− 3)

�h
= lim

h→0
(−3 + h) = −3.

�
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6.4. Rates of Change

Let y = f(x) be a function. If x changes from x1 to x2, then the change in x or the
increment of x is Δx = x2 − x1 and the corresponding change in y is Δy = f(x2)− f(x1).
The average rate of change of y = f(x) with respect to x over the interval [x1, x2] is

A.R.C =
Δy

Δx
=

f(x2)− f(x1)

x2 − x1
. If we let x2 approaches x1 which is letting Δx approaching

0. The Limit if it exist is called the instantaneous rate of change of y with respect to x.

Thus instantaneous rate of change = lim
Δx→0

Δy

Δx
= lim

Δx2→x1

f(x2)− f(x1)

x2 − x1
.

�

�

Δx

Δy

x1 x2

P
f(x1)

f(x2)
Q

x

y y = f(x)
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Example 5. A cylindrical tank, 6 meters high. When it is full of water it takes 12 hours to
drain it by opening the valve at the bottom. The depth y (in meters) of the water in the

tank t hours after the valve is opened is given by y = f(t) =
1

24
(12 − t)2. Find the rate of

change after 2 hours and explain what does it mean. What does it mean that f ′(3) =
−3

4
.

Solution:

f ′(2) = lim
h→0

f(2 + h)− f(2)

h

= lim
h→0

1/24(12− (2 + h))2 − 1/24(12− 2)2

h
= lim

h→0

1/24(10− h)2 − 1/24(10)2

h

= lim
h→0

1/24(10− h− 10)(10− h+ 10)

h
= lim

h→0

1/24(−h)(20− h)

h

= lim
h→0

−1/24�h(20− h)

�h
= lim

h→0

−1

24
(20− h) =

−6

5
.

Now, f ′(2) =
−6

5
= −1.2 that mean after two hours the depth of the water is decreasing at

rate 1.2m/h. For f ′(3) =
−3

4
means that after three hours the depth of the water is reduced

at rate .75m/h. �
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