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5. Limits at Infinity; Horizontal Asymptotes

Let f(x) =
4x2

x2 + 1
, from the table be-

low,
x > 0 f(x)

1 2

10 3.96

100 3.999

x < 0 f(x)

−1 2

−10 3.96

−100 3.999

Look at the Figure to the right.we can
see that the values of f(x) appear to ap-
proach 4 as x increases without bound
(x → ∞) or decreases without bound
(x → −∞). We describe this behavior
by writing

lim
x→∞ f(x) = lim

x→∞
4x2

x2 + 1
= 4, and

lim
x→−∞ f(x) = lim

x→−∞
4x2

x2 + 1
= 4.

1
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5
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x

y

f(x) =
4x2

x2 + 1

����

x < 0 →: 0.0 f(x) →: 0.0 x > 0 →:0.0 f(x) →: 0.0

�� ��

x < 0 →: -1.94 f(x) →: 0.04 x > 0 →:1.94 f(x) →: 0.04

�� ��

x < 0 →: -3.89 f(x) →: 0.15 x > 0 →:3.89 f(x) →: 0.15

�� ��

x < 0 →: -5.83 f(x) →: 0.31 x > 0 →:5.83 f(x) →: 0.31

�� ��

x < 0 →: -7.78 f(x) →: 0.53 x > 0 →:7.78 f(x) →: 0.53

�� ��

x < 0 →: -9.72 f(x) →: 0.76 x > 0 →:9.72 f(x) →: 0.76

�� ��

x < 0 →: -11.67 f(x) →: 1.02 x > 0 →:11.67 f(x) →: 1.02

�� ��

x < 0 →: -13.61 f(x) →: 1.27 x > 0 →:13.61 f(x) →: 1.27

�� ��

x < 0 →: -15.56 f(x) →: 1.51 x > 0 →:15.56 f(x) →: 1.51

�� ��

x < 0 →: -17.5 f(x) →: 1.73 x > 0 →:17.5 f(x) →: 1.73

�� ��

x < 0 →: -19.44 f(x) →: 1.94 x > 0 →:19.44 f(x) →: 1.94

�� ��

x < 0 →: -21.39 f(x) →: 2.13 x > 0 →:21.39 f(x) →: 2.13

�� ��

x < 0 →: -23.33 f(x) →: 2.31 x > 0 →:23.33 f(x) →: 2.31

�� ��

x < 0 →: -25.28 f(x) →: 2.46 x > 0 →:25.28 f(x) →: 2.46

�� ��

x < 0 →: -27.22 f(x) →: 2.6 x > 0 →:27.22 f(x) →: 2.6

�� ��

x < 0 →: -29.17 f(x) →: 2.72 x > 0 →:29.17 f(x) →: 2.72

�� ��

x < 0 →: -31.11 f(x) →: 2.83 x > 0 →:31.11 f(x) →: 2.83

�� ��

x < 0 →: -33.06 f(x) →: 2.93 x > 0 →:33.06 f(x) →: 2.93

�� ��

x < 0 →: -35.0 f(x) →: 3.02 x > 0 →:35.0 f(x) →: 3.02

�� ��

x < 0 →: -36.94 f(x) →: 3.09 x > 0 →:36.94 f(x) →: 3.09

�� ��

x < 0 →: -38.89 f(x) →: 3.16 x > 0 →:38.89 f(x) →: 3.16

�� ��

x < 0 →: -40.83 f(x) →: 3.23 x > 0 →:40.83 f(x) →: 3.23

�� ��

x < 0 →: -42.78 f(x) →: 3.28 x > 0 →:42.78 f(x) →: 3.28

�� ��

x < 0 →: -44.72 f(x) →: 3.33 x > 0 →:44.72 f(x) →: 3.33

�� ��

x < 0 →: -46.67 f(x) →: 3.38 x > 0 →:46.67 f(x) →: 3.38

�� ��

x < 0 →: -48.61 f(x) →: 3.42 x > 0 →:48.61 f(x) →: 3.42

�� ��

x < 0 →: -50.56 f(x) →: 3.46 x > 0 →:50.56 f(x) →: 3.46

�� ��

x < 0 →: -52.5 f(x) →: 3.49 x > 0 →:52.5 f(x) →: 3.49

�� ��

x < 0 →: -54.44 f(x) →: 3.52 x > 0 →:54.44 f(x) →: 3.52

�� ��

x < 0 →: -56.39 f(x) →: 3.55 x > 0 →:56.39 f(x) →: 3.55

�� ��

x < 0 →: -58.33 f(x) →: 3.58 x > 0 →:58.33 f(x) →: 3.58

�� ��

x < 0 →: -60.28 f(x) →: 3.6 x > 0 →:60.28 f(x) →: 3.6

�� ��

x < 0 →: -62.22 f(x) →: 3.63 x > 0 →:62.22 f(x) →: 3.63

�� ��

x < 0 →: -64.17 f(x) →: 3.65 x > 0 →:64.17 f(x) →: 3.65

�� ��

x < 0 →: -66.11 f(x) →: 3.66 x > 0 →:66.11 f(x) →: 3.66

�� ��

x < 0 →: -68.06 f(x) →: 3.68 x > 0 →:68.06 f(x) →: 3.68

�� ��

x < 0 →: -70.0 f(x) →: 3.7 x > 0 →:70.0 f(x) →: 3.7

�� ��

x < 0 →: -71.94 f(x) →: 3.71 x > 0 →:71.94 f(x) →: 3.71

�� ��

x < 0 →: -73.89 f(x) →: 3.73 x > 0 →:73.89 f(x) →: 3.73

�� ��

x < 0 →: -75.83 f(x) →: 3.74 x > 0 →:75.83 f(x) →: 3.74

�� ��

x < 0 →: -77.78 f(x) →: 3.75 x > 0 →:77.78 f(x) →: 3.75

�� ��

x < 0 →: -79.72 f(x) →: 3.76 x > 0 →:79.72 f(x) →: 3.76

�� ��

x < 0 →: -81.67 f(x) →: 3.77 x > 0 →:81.67 f(x) →: 3.77

�� ��

x < 0 →: -83.61 f(x) →: 3.78 x > 0 →:83.61 f(x) →: 3.78

�� ��

x < 0 →: -85.56 f(x) →: 3.79 x > 0 →:85.56 f(x) →: 3.79

�� ��

x < 0 →: -87.5 f(x) →: 3.8 x > 0 →:87.5 f(x) →: 3.8

�� ��

x < 0 →: -89.44 f(x) →: 3.81 x > 0 →:89.44 f(x) →: 3.81

�� ��

x < 0 →: -91.39 f(x) →: 3.82 x > 0 →:91.39 f(x) →: 3.82

�� ��

x < 0 →: -93.33 f(x) →: 3.82 x > 0 →:93.33 f(x) →: 3.82

�� ��

x < 0 →: -95.28 f(x) →: 3.83 x > 0 →:95.28 f(x) →: 3.83

�� ��

x < 0 →: -97.22 f(x) →: 3.84 x > 0 →:97.22 f(x) →: 3.84

�� ��

x < 0 →: -99.17 f(x) →: 3.84 x > 0 →:99.17 f(x) →: 3.84

�� ��

x < 0 →: -101.11 f(x) →: 3.85 x > 0 →:101.11f(x) →: 3.85

�� ��

x < 0 →: -103.06 f(x) →: 3.85 x > 0 →:103.06f(x) →: 3.85

�� ��

x < 0 →: -105.0 f(x) →: 3.86 x > 0 →:105.0 f(x) →: 3.86

�� ��

x < 0 →: -106.94 f(x) →: 3.86 x > 0 →:106.94f(x) →: 3.86

�� ��

x < 0 →: -108.89 f(x) →: 3.87 x > 0 →:108.89f(x) →: 3.87

�� ��

x < 0 →: -110.83 f(x) →: 3.87 x > 0 →:110.83f(x) →: 3.87

�� ��

x < 0 →: -112.78 f(x) →: 3.88 x > 0 →:112.78f(x) →: 3.88

�� ��

x < 0 →: -114.72 f(x) →: 3.88 x > 0 →:114.72f(x) →: 3.88

�� ��

x < 0 →: -116.67 f(x) →: 3.89 x > 0 →:116.67f(x) →: 3.89

�� ��

x < 0 →: -118.61 f(x) →: 3.89 x > 0 →:118.61f(x) →: 3.89

�� ��

x < 0 →: -120.56 f(x) →: 3.89 x > 0 →:120.56f(x) →: 3.89

�� ��

x < 0 →: -122.5 f(x) →: 3.9 x > 0 →:122.5 f(x) →: 3.9

�� ��

x < 0 →: -124.44 f(x) →: 3.9 x > 0 →:124.44f(x) →: 3.9

�� ��

x < 0 →: -126.39 f(x) →: 3.9 x > 0 →:126.39f(x) →: 3.9

�� ��

x < 0 →: -128.33 f(x) →: 3.91 x > 0 →:128.33f(x) →: 3.91

�� ��

x < 0 →: -130.28 f(x) →: 3.91 x > 0 →:130.28f(x) →: 3.91

�� ��

x < 0 →: -132.22 f(x) →: 3.91 x > 0 →:132.22f(x) →: 3.91

�� ��

x < 0 →: -134.17 f(x) →: 3.91 x > 0 →:134.17f(x) →: 3.91

�� ��

x < 0 →: -136.11 f(x) →: 3.92 x > 0 →:136.11f(x) →: 3.92

�� ��

x < 0 →: -138.06 f(x) →: 3.92 x > 0 →:138.06f(x) →: 3.92

�� ��
lim

x→−∞ f(x) = 4 lim
x→∞ f(x) = 4

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Definition 5.1: [Limits at Infinity]

1. The expression lim
x→∞ f(x) = L means that when x increase without bound, the values

of f(x) eventually get as close as we want to L.

2. The expression lim
x→−∞ f(x) = L means that when x decrease without bound, the values

of f(x) eventually get as close as we want to L.

Note 1: The expression lim
x→∞ f(x) = L means for large x, the distance between f(x) and

L is getting smaller and smaller. See Figure below

L − f(x)

∞x

L

y = f(x)

x

y

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 1.

Use the graph of the function f to find the
following limits if it exist. If the limit does
not exist explain why?

1. lim
x→−1

f(x)

2. lim
x→∞ f(x)

3. lim
x→−∞ f(x)

1

2

3

4

5

6

-1

-2

-3

1 2 3 4 5 6-1-2-3-4-5-6-7

x

y

y = f(x)

Solution:

1. Since lim
x→−1−

f(x) = ∞, and lim
x→−1+

f(x) = ∞, then lim
x→−1

f(x) = ∞.❍
?

2. Looking at the graph we see as x becomes positively large( x → ∞) f(x) approaches

4. Hence lim
x→∞ f(x) = 4.❍

?

3. Looking at the graph we see as x becomes negatively large( x → −∞) f(x)

approaches 3. lim
x→−∞ f(x) = 3.❍

?

�
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Theorem 5.1: [Properties of Limits as x → ±∞]
Let c be real numbers, n be a positive integer, k be a positive rational number. Suppose
that lim

x→±∞ f(x) = L and lim
x→±∞ g(x) = M. Then

1. Sum-Difference: lim
x→±∞[f(x)± g(x)] = L±M

2. Product: lim
x→±∞[f(x)g(x)] = LM

3. Quotient: lim
x→±∞[

f(x)

g(x)
] =

L

M
provided M �= 0.

4. Constant multiple: lim
x→±∞[cf(x)] = cL

5. Power: lim
x→±∞[f(x)]n = Ln

6. Root: lim
x→±∞

n
√
f(x) =

n
√
L provided L ≥ 0 if n is even

7. Constant limit lim
x→±∞ c = c

8. Reciprocal of Power lim
x→∞

c

xk
= 0

9. Reciprocal of Power lim
x→−∞

c

xk
= 0 provided k > 0

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Note 2: As we have seen that 0/0 is indeterminate form( I.F.). The following expressions
∞
∞ ,−∞

∞ are all indeterminate forms (I.F.). When you get an indeterminate form such as
∞
∞ the best way to find the limit is to divide each term in the numerator and each term in

the denominator by the highest power in the denominator and use laws (8-9).

.
∞
∞ ,−∞

∞ ���
��� ��!
"��� 
#��� $�%� �&�"� ��' ��(� 0/0 )*& +
	!
, 

�-/ 
(�

�(0� �1 ��
#
�� 2
3�4 �	��5 �%&� )*&
∞
∞ 6�
�� �� �&�"� ��' ��(� ��� 7����� �
�

. �
�
#
�� ������ 8��9�,� :; 8
	(�� <& ��� �=�� ��� 8
	(�� � >0=�� <& �? ��

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 2. Evaluate the each of following limit if it exist

1. lim
x→∞

2x+ 1

x2 + 7
2. lim

x→∞
2x2 + x+ 2

x2 + 2

Solution:

1. Since lim
x→∞

2x + 1 = ∞ = lim
x→∞

x2 + 7 we have I.F. type ∞/∞. Divide each term in the

numerator and each term in the denominator by the highest power in the denominator.

lim
x→∞

2x+ 1

x2 + 7
= lim

x→∞

2x+ 1

x2

x2 + 7

x2

= lim
x→∞

2x

x2
+

1

x2

x2

x2
+

7

x2

= lim
x→∞

2

x
+

1

x2

1 +
7

x2

=
0 + 0

1 + 0
=

0

1
= 0.❍

?

2. Divide the numerator and the denominator by x2

lim
x→∞

2x2 + x+ 2

x2 + 2
= lim

x→∞

2x2 + x+ 2

x2

x2 + 2

x2

= lim
x→∞

2 +
1

x
+

2

x2

1 +
2

x2

=
2

1
= 2.❍

?

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

1

2

-1
1 2 3 4 5 6 7 8 9 10-1

x

y
y =

2x+ 1

x2 + 7

1

2

-1
1 2 3 4 5 6 7 8 9 10-1

x

y
y =

2x2 + x+ 2

x2 + 2



Limits at Infinity; Horizontal Asymptotes c©Hamed Al-Sulami 8/15

Example 3. Evaluate the following limit if it exist lim
x→−∞

3x+ 1√
x2 + 1

.

Solution: For x < 0, we have −x = |x| =
√
x2 hence x = −

√
x2. Now, divide the numerator and

the denominator by x

lim
x→−∞

3x+ 1√
x2 + 1

= lim
x→−∞

3x+ 1

x√
x2 + 1

x

= lim
x→−∞

3x+ 1

x√
x2 + 1

−
√
x2

x → −∞ ⇒ x < 0, x = −
√
x2

= lim
x→−∞

3 +
1

x

−
√

x2 + 1

x2

= lim
x→−∞

3 +
1

x

−
√

1 +
1

x2

=
3 + 0

−√
1 + 0

= −3.❍
?

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

-1

-2

-3

-4

-1-2-3-4-5-6-7-8-9-10

x

y
y =

3x+ 1√
x2 + 1
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Example 4. Evaluate the each of following limit if it exist lim
x→∞

√
x2 + x+ 2

2− x

Solution: For x > 0, we have x = |x| =
√
x2 hence x =

√
x2. Now, divide the numerator and the

denominator by x

lim
x→∞

√
x2 + x+ 2

2− x
= lim

x→∞

√
x2 + x+ 2

x
2− x

x

= lim
x→∞

√
x2 + x+ 2√

x2

2− x

x

x → ∞ ⇒ x > 0, x =
√
x2

= lim
x→∞

√
x2 + x+ 2

x2

2

x
− 1

= lim
x→∞

√
1 +

1

x
+

2

x2

2

x
− 1

=

√
1 + 0 + 0

0− 1
= −1.❍

?

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

1

2

-1

-2

-3

-4

1 2 3 4 5 6 7 8 9 10 11 12-1

x

y

y =

√
x2 + x+ 2

2− x
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Definition 5.2: [Horizontal Asymptote]
The line y = L is called a horizontal asymptote of the graph y = f(x) if one of the
following cases happen: lim

x→∞ f(x) = L or lim
x→−∞ f(x) = L

Note 3: From the definition we can see that
the graph of a function can have at most two
horizontal asymptotes- one to right and one to
the left.

L1

L2

x

y

Example 5. Find the horizontal asymptotes for f(x) =
3x2 + 1

2x− 4x2

Solution: To find the horizontal asymptote we take the limit as x → ±∞ Note that both the
numerator and the denominator x → ±∞, as x → ±∞. To find this limit divided both the
numerator and the denominator by the highest power of x in the denominator which is x2. So,

lim
x→±∞

3x2 + 1

2x− 4x2
= lim

x→±∞

3x2 + 1

x2

2x− 4x2

x2

= lim
x→±∞

3 +
1

x2

2

x
− 4

=
3 + 0

0− 4
=

−3

4
.

Therefore y =
−3

4
❍? is a horizontal asymptote. �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

4

8

12

-4

-8

-12

-16

1 2 3-1-2-3-4
y = −3/4 x

y

y =
3x2 + 1

2x− 4x2
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Example 6. Find the horizontal asymptotes for p(x) =
3x− 1√
x2 + x+ 1

.

Solution: To find the horizontal asymptote, take the limit of the function as x → ±∞.

lim
x→−∞

3x− 1√
x2 + x+ 1

= lim
x→−∞

3x− 1

x√
x2 + x+ 1

x

= lim
x→−∞

3x− 1

x√
x2 + x+ 1

−√
x2

x → −∞ ⇒ x < 0, x = −
√
x2

= lim
x→−∞

3− 1

x

−
√

x2 + x+ 1

x2

= lim
x→−∞

3− 1

x

−
√

1 +
1

x
+

1

x2

= −3.

Similarly, we have

lim
x→∞

3x− 1√
x2 + x+ 1

= lim
x→∞

3x− 1

x√
x2 + x+ 1

x

= lim
x→∞

3x− 1

x√
x2 + x+ 1√

x2

x → ∞ ⇒ x > 0, x =
√
x2

= lim
x→∞

3− 1

x√
x2 + x+ 1

x2

= lim
x→∞

3− 1

x√
1 +

1

x
+

1

x2

=
3 + 0√
1 + 0

=
3

1
= 3.

Therefore y = ±3❍? are horizontal asymptotes. �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

1

2

3

4

5

-1
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-3

-4

-5

-6
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3x− 1√
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Example 7. Find the limit lim
x→∞[

√
x2 − 3x+ 1− x].

Solution: A direct substation gives I.F. ∞−∞.

lim
x→∞

[
√

x2 − 3x+ 1− x] = lim
x→∞

[
√

x2 − 3x+ 1− x] ·
√
x2 − 3x+ 1 + x√
x2 − 3x+ 1 + x

Use (a− b)(a + b) = a2 − b2

= lim
x→∞

(x2 − 3x+ 1)− x2

√
x2 − 3x+ 1 + x

Simplify divide by x

= lim
x→∞

−3x+ 1

x√
x2−3x+1+x

x

x → ∞ ⇒ x > 0, x =
√
x2

= lim
x→∞

−3 +
1

x√
x2−3x+1

x
+ 1

= lim
x→∞

−3 +
1

x√
x2−3x+1

x2 + 1

= lim
x→∞

−3 +
1

x√
1− 3

x
+ 1

x2 + 1
=

−3 + 0√
1− 0 + 0 + 1

=
−3

2
.❍
?

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

1

2

3

-1

-2

-3

-4

1 2 3 4 5 6 7 8 9-1-2-3-4

x

y y = [
√
x2 − 3x+ 1− x]
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Infinite Limits At Infinity

Theorem 5.2: [Infinite Limits At Infinity]
Let n be a positive integer, then

1. lim
x→∞xn = ∞.

2. lim
x→−∞xn =

{
∞, if n is even ;
−∞, if n is odd.

3. If p(x) = anx
n + an−1x

n−1 + ...+ a2x
2 + a1x+ a0, then lim

x→±∞ p(x) = lim
x→±∞anx

n.

4. If lim
x→±∞ f(x) = ∞ and lim

x→±∞ g(x) = ∞, then lim
x→±∞ f(x)g(x) = ∞

5. If lim
x→±∞ f(x) = −∞ and lim

x→±∞ g(x) = ∞, then lim
x→±∞ f(x)g(x) = −∞

6. If lim
x→±∞ f(x) = −∞ and lim

x→±∞ g(x) = −∞, then lim
x→±∞ f(x)g(x) = ∞

Example 8. Find the following limits

1. lim
x→∞(−7x4 − 3x2 + 7) 2. lim

x→−∞
3
√
x− 1

Solution: 1. Since lim
x→∞

(−7x4) = −7 lim
x→∞

x4 = −7 · ∞ = −∞, then lim
x→∞

(−7x4 − 3x2 + 7) =

lim
x→∞

(−7x4) = −∞.

2. Since lim
x→−∞

(x− 1) = −∞, then lim
x→−∞

3
√
x− 1 = −∞. �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Exponential and Logarithmic functions limits

1. If 0 < a < 1, then lim
x→∞

ax = 0❍? thus the x-axis (y = 0) is a horizontal asymptote and lim
x→−∞

ax = ∞.❍
?

2. If a > 1, then lim
x→−∞

ax = 0❍? thus the x-axis (y = 0) is a horizontal asymptote and lim
x→∞

ax = ∞.❍
?

3. lim
x→−∞

ex = 0❍? thus the x-axis (y = 0) is a horizontal asymptote and lim
x→∞

ex = ∞.❍
?

4. lim
x→0+

loga x = −∞,❍
?

thus the y-axis (x = 0) is a vertical asymptote and lim
x→∞

loga x = ∞.❍
?

5. lim
x→0+

ln x = −∞❍? , thus the y-axis (x = 0) is a vertical asymptote and lim
x→∞

ln x = ∞.❍
?

Trigonometric functions

Note 4: Note that all the trigonometric functions sin x, cos x, tan x, cot x, secx, and csc x have
no horizontal asymptote since lim

x→±∞
sin x, lim

x→±∞
cosx, lim

x→±∞
tan x, lim

x→±∞
cot x, lim

x→±∞
sec x, and

lim
x→±∞

csc x are all does not exist. Also sin x and cosx has no vertical asymptote, but tan x =
sin x

cosx
❍?

and secx =
1

cos x
❍? have vertical asymptotes at x = (2n + 1)

π

2
, n ∈ Z and cot x =

cos x

sin x
❍? and

cscx =
1

sin x
❍? have vertical asymptotes at x = nπ, n ∈ Z.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Inverse trigonometric functions limits

The functions cos−1 x and sin−1 x are defined only for x ∈ [−1, 1] so it is maneless to talk
about their limits as x → ±∞. The other inverse trigonometric functions are defined for
large x and the following limits are easy to see if you look at the graph of them. One thing
to point out that all the inverse trigonometric functions have no vertical asymptotes.

1. lim
x→∞ tan−1 x =

π

2
❍? 5. lim

x→−∞ tan−1 x =
−π

2
.❍
?

2. lim
x→∞ cot−1 x = 0❍? 6. lim

x→−∞ cot−1 x = π.❍
?

3. lim
x→∞ sec−1 x =

π

2
❍? 7. lim

x→−∞ sec−1 x = π.❍
?

4. lim
x→∞ csc−1 x = 0❍? 8. lim

x→−∞ csc−1 x = π.❍
?

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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