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6. Derivative as a Function

6.1. Derivative

We have seen that the derivative of a func-
tion f at a number a ∈ D(f) is given

by f ′(a) = lim
h→0

f(a+ h)− f(a)

h
. Now, if

we let a vary. Then we can define the
derivative of f, denoted by f ′(x), as follows

f ′(x) = lim
h→0

f(x+ h) − f(x)

h
provided the limit

exist. So for any given x for which the limit
exist we assign to that x the number f ′(x).
Thus the derivative is a function too. The
domain of the derivative of f ′ of f is D(f ′) ={
x ∈ D(f) : lim

h→0

f(x+ h) − f(x)

h
exists

}
. In

general, D(f ′) �= D(f), but D(f ′) ⊆ D(f). We
know that the value of f ′ at x, f ′(x), can be
interpreted geometrically as the slope of the
tangent line to the graph of f at the point
(x, f(x)). Actually, we use this idea to estimate
the value of the derivative at any value of x on
the graph of f.
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f ′(x) = x2 − x− 2

f(x) =
2x3 − 3x2 − 12x

6
Slope of the Tangent = f ′(x) = 4.0

Intersection with y-axes: 7.33

Equation of the tangent: y =

y = f(x) -0.67

y = f ′(x) 4.0

x -2.0

4.0 x+ 7.33

f
′
(x) =4.0

Slope of the Tangent = f ′(x) = 3.66

Intersection with y-axes: 6.66

Equation of the tangent: y =

y = f(x) -0.4

y = f ′(x) 3.66

x -1.93

3.66 x+ 6.66

f
′
(x) =3.66

Slope of the Tangent = f ′(x) = 3.32

Intersection with y-axes: 6.03

Equation of the tangent: y =

y = f(x) -0.16

y = f ′(x) 3.32

x -1.86

3.32 x+ 6.03

f
′
(x) =3.32

Slope of the Tangent = f ′(x) = 3.0

Intersection with y-axes: 5.44

Equation of the tangent: y =

y = f(x) 0.06

y = f ′(x) 3.0

x -1.79

3.0 x+ 5.44

f
′
(x) =3.0

Slope of the Tangent = f ′(x) = 2.69

Intersection with y-axes: 4.89

Equation of the tangent: y =

y = f(x) 0.26

y = f ′(x) 2.69

x -1.72

2.69 x+ 4.89

f
′
(x) =2.69

Slope of the Tangent = f ′(x) = 2.38

Intersection with y-axes: 4.38

Equation of the tangent: y =

y = f(x) 0.43

y = f ′(x) 2.38

x -1.65

2.38 x+ 4.38

f
′
(x) =2.38

Slope of the Tangent = f ′(x) = 2.09

Intersection with y-axes: 3.9

Equation of the tangent: y =

y = f(x) 0.59

y = f ′(x) 2.09

x -1.58

2.09 x+ 3.9

f
′
(x) =2.09

Slope of the Tangent = f ′(x) = 1.81

Intersection with y-axes: 3.46

Equation of the tangent: y =

y = f(x) 0.73

y = f ′(x) 1.81

x -1.51

1.81 x+ 3.46

f
′
(x) =1.81

Slope of the Tangent = f ′(x) = 1.53

Intersection with y-axes: 3.05

Equation of the tangent: y =

y = f(x) 0.84

y = f ′(x) 1.53

x -1.44

1.53 x+ 3.05

f
′
(x) =1.53

Slope of the Tangent = f ′(x) = 1.27

Intersection with y-axes: 2.68

Equation of the tangent: y =

y = f(x) 0.94

y = f ′(x) 1.27

x -1.37

1.27 x+ 2.68

f
′
(x) =1.27

Slope of the Tangent = f ′(x) = 1.01

Intersection with y-axes: 2.34

Equation of the tangent: y =

y = f(x) 1.02

y = f ′(x) 1.01

x -1.31

1.01 x+ 2.34

f
′
(x) =1.01

Slope of the Tangent = f ′(x) = 0.76

Intersection with y-axes: 2.02

Equation of the tangent: y =

y = f(x) 1.08

y = f ′(x) 0.76

x -1.24

0.76 x+ 2.02

f
′
(x) =0.76

Slope of the Tangent = f ′(x) = 0.53

Intersection with y-axes: 1.74

Equation of the tangent: y =

y = f(x) 1.12

y = f ′(x) 0.53

x -1.17

0.53 x+ 1.74

f
′
(x) =0.53

Slope of the Tangent = f ′(x) = 0.3

Intersection with y-axes: 1.48

Equation of the tangent: y =

y = f(x) 1.15

y = f ′(x) 0.3

x -1.1

0.3 x+ 1.48

f
′
(x) =0.3

Slope of the Tangent = f ′(x) = 0.08

Intersection with y-axes: 1.25

Equation of the tangent: y =

y = f(x) 1.17

y = f ′(x) 0.08

x -1.03

0.08 x+ 1.25

f
′
(x) =0.08

Slope of the Tangent = f ′(x) = -0.12

Intersection with y-axes: 1.05

Equation of the tangent: y =

y = f(x) 1.16

y = f ′(x) -0.12

x -0.96

-0.12x+ 1.05

f
′
(x) =-0.12

Slope of the Tangent = f ′(x) = -0.32

Intersection with y-axes: 0.86

Equation of the tangent: y =

y = f(x) 1.15

y = f ′(x) -0.32

x -0.89

-0.32x+ 0.86

f
′
(x) =-0.32

Slope of the Tangent = f ′(x) = -0.51

Intersection with y-axes: 0.7

Equation of the tangent: y =

y = f(x) 1.12

y = f ′(x) -0.51

x -0.82

-0.51x+ 0.7

f
′
(x) =-0.51

Slope of the Tangent = f ′(x) = -0.69

Intersection with y-axes: 0.56

Equation of the tangent: y =

y = f(x) 1.08

y = f ′(x) -0.69

x -0.75

-0.69x+ 0.56

f
′
(x) =-0.69

Slope of the Tangent = f ′(x) = -0.86

Intersection with y-axes: 0.44

Equation of the tangent: y =

y = f(x) 1.02

y = f ′(x) -0.86

x -0.68

-0.86x+ 0.44

f
′
(x) =-0.86

Slope of the Tangent = f ′(x) = -1.02

Intersection with y-axes: 0.34

Equation of the tangent: y =

y = f(x) 0.96

y = f ′(x) -1.02

x -0.61

-1.02x+ 0.34

f
′
(x) =-1.02

Slope of the Tangent = f ′(x) = -1.16

Intersection with y-axes: 0.25

Equation of the tangent: y =

y = f(x) 0.88

y = f ′(x) -1.16

x -0.54

-1.16x+ 0.25

f
′
(x) =-1.16

Slope of the Tangent = f ′(x) = -1.3

Intersection with y-axes: 0.18

Equation of the tangent: y =

y = f(x) 0.8

y = f ′(x) -1.3

x -0.47

-1.3 x+ 0.18

f
′
(x) =-1.3

Slope of the Tangent = f ′(x) = -1.43

Intersection with y-axes: 0.12

Equation of the tangent: y =

y = f(x) 0.7

y = f ′(x) -1.43

x -0.4

-1.43x+ 0.12

f
′
(x) =-1.43

Slope of the Tangent = f ′(x) = -1.56

Intersection with y-axes: 0.08

Equation of the tangent: y =

y = f(x) 0.6

y = f ′(x) -1.56

x -0.33

-1.56x+ 0.08

f
′
(x) =-1.56

Slope of the Tangent = f ′(x) = -1.67

Intersection with y-axes: 0.05

Equation of the tangent: y =

y = f(x) 0.49

y = f ′(x) -1.67

x -0.26

-1.67x+ 0.05

f
′
(x) =-1.67

Slope of the Tangent = f ′(x) = -1.77

Intersection with y-axes: 0.02

Equation of the tangent: y =

y = f(x) 0.37

y = f ′(x) -1.77

x -0.19

-1.77x+ 0.02

f
′
(x) =-1.77

Slope of the Tangent = f ′(x) = -1.86

Intersection with y-axes: 0.01

Equation of the tangent: y =

y = f(x) 0.24

y = f ′(x) -1.86

x -0.12

-1.86x+ 0.01

f
′
(x) =-1.86

Slope of the Tangent = f ′(x) = -1.94

Intersection with y-axes: 0.0

Equation of the tangent: y =

y = f(x) 0.11

y = f ′(x) -1.94

x -0.06

-1.94x+ 0.0

f
′
(x) =-1.94

Slope of the Tangent = f ′(x) = -2.01

Intersection with y-axes: 0.0

Equation of the tangent: y =

y = f(x) -0.03

y = f ′(x) -2.01

x 0.01

-2.01x+ 0.0

f
′
(x) =-2.01

Slope of the Tangent = f ′(x) = -2.08

Intersection with y-axes: 0.0

Equation of the tangent: y =

y = f(x) -0.17

y = f ′(x) -2.08

x 0.08

-2.08x+ 0.0

f
′
(x) =-2.08

Slope of the Tangent = f ′(x) = -2.13

Intersection with y-axes: 0.01

Equation of the tangent: y =

y = f(x) -0.32

y = f ′(x) -2.13

x 0.15

-2.13x+ 0.01

f
′
(x) =-2.13

Slope of the Tangent = f ′(x) = -2.17

Intersection with y-axes: 0.02

Equation of the tangent: y =

y = f(x) -0.47

y = f ′(x) -2.17

x 0.22

-2.17x+ 0.02

f
′
(x) =-2.17

Slope of the Tangent = f ′(x) = -2.21

Intersection with y-axes: 0.03

Equation of the tangent: y =

y = f(x) -0.62

y = f ′(x) -2.21

x 0.29

-2.21x+ 0.03

f
′
(x) =-2.21

Slope of the Tangent = f ′(x) = -2.23

Intersection with y-axes: 0.03

Equation of the tangent: y =

y = f(x) -0.77

y = f ′(x) -2.23

x 0.36

-2.23x+ 0.03

f
′
(x) =-2.23

Slope of the Tangent = f ′(x) = -2.25

Intersection with y-axes: 0.04

Equation of the tangent: y =

y = f(x) -0.93

y = f ′(x) -2.25

x 0.43

-2.25x+ 0.04

f
′
(x) =-2.25

Slope of the Tangent = f ′(x) = -2.25

Intersection with y-axes: 0.04

Equation of the tangent: y =

y = f(x) -1.08

y = f ′(x) -2.25

x 0.5

-2.25x+ 0.04

f
′
(x) =-2.25

Slope of the Tangent = f ′(x) = -2.25

Intersection with y-axes: 0.04

Equation of the tangent: y =

y = f(x) -1.24

y = f ′(x) -2.25

x 0.57

-2.25x+ 0.04

f
′
(x) =-2.25

Slope of the Tangent = f ′(x) = -2.23

Intersection with y-axes: 0.03

Equation of the tangent: y =

y = f(x) -1.39

y = f ′(x) -2.23

x 0.64

-2.23x+ 0.03

f
′
(x) =-2.23

Slope of the Tangent = f ′(x) = -2.21

Intersection with y-axes: 0.01

Equation of the tangent: y =

y = f(x) -1.55

y = f ′(x) -2.21

x 0.71

-2.21x+ 0.01

f
′
(x) =-2.21

Slope of the Tangent = f ′(x) = -2.17

Intersection with y-axes: -0.01

Equation of the tangent: y =

y = f(x) -1.7

y = f ′(x) -2.17

x 0.78

-2.17x+ -0.01

f
′
(x) =-2.17

Slope of the Tangent = f ′(x) = -2.13

Intersection with y-axes: -0.05

Equation of the tangent: y =

y = f(x) -1.85

y = f ′(x) -2.13

x 0.85

-2.13x+ -0.05

f
′
(x) =-2.13

Slope of the Tangent = f ′(x) = -2.08

Intersection with y-axes: -0.09

Equation of the tangent: y =

y = f(x) -2.0

y = f ′(x) -2.08

x 0.92

-2.08x+ -0.09

f
′
(x) =-2.08

Slope of the Tangent = f ′(x) = -2.01

Intersection with y-axes: -0.15

Equation of the tangent: y =

y = f(x) -2.14

y = f ′(x) -2.01

x 0.99

-2.01x+ -0.15

f
′
(x) =-2.01

Slope of the Tangent = f ′(x) = -1.94

Intersection with y-axes: -0.23

Equation of the tangent: y =

y = f(x) -2.28

y = f ′(x) -1.94

x 1.06

-1.94x+ -0.23

f
′
(x) =-1.94

Slope of the Tangent = f ′(x) = -1.86

Intersection with y-axes: -0.32

Equation of the tangent: y =

y = f(x) -2.41

y = f ′(x) -1.86

x 1.13

-1.86x+ -0.32

f
′
(x) =-1.86

Slope of the Tangent = f ′(x) = -1.77

Intersection with y-axes: -0.42

Equation of the tangent: y =

y = f(x) -2.53

y = f ′(x) -1.77

x 1.19

-1.77x+ -0.42

f
′
(x) =-1.77

Slope of the Tangent = f ′(x) = -1.67

Intersection with y-axes: -0.55

Equation of the tangent: y =

y = f(x) -2.65

y = f ′(x) -1.67

x 1.26

-1.67x+ -0.55

f
′
(x) =-1.67

Slope of the Tangent = f ′(x) = -1.56

Intersection with y-axes: -0.69

Equation of the tangent: y =

y = f(x) -2.77

y = f ′(x) -1.56

x 1.33

-1.56x+ -0.69

f
′
(x) =-1.56

Slope of the Tangent = f ′(x) = -1.43

Intersection with y-axes: -0.86

Equation of the tangent: y =

y = f(x) -2.87

y = f ′(x) -1.43

x 1.4

-1.43x+ -0.86

f
′
(x) =-1.43

Slope of the Tangent = f ′(x) = -1.3

Intersection with y-axes: -1.04

Equation of the tangent: y =

y = f(x) -2.96

y = f ′(x) -1.3

x 1.47

-1.3 x+ -1.04

f
′
(x) =-1.3

Slope of the Tangent = f ′(x) = -1.16

Intersection with y-axes: -1.25

Equation of the tangent: y =

y = f(x) -3.05

y = f ′(x) -1.16

x 1.54

-1.16x+ -1.25

f
′
(x) =-1.16

Slope of the Tangent = f ′(x) = -1.02

Intersection with y-axes: -1.49

Equation of the tangent: y =

y = f(x) -3.13

y = f ′(x) -1.02

x 1.61

-1.02x+ -1.49

f
′
(x) =-1.02

Slope of the Tangent = f ′(x) = -0.86

Intersection with y-axes: -1.75

Equation of the tangent: y =

y = f(x) -3.19

y = f ′(x) -0.86

x 1.68

-0.86x+ -1.75

f
′
(x) =-0.86

Slope of the Tangent = f ′(x) = -0.69

Intersection with y-axes: -2.04

Equation of the tangent: y =

y = f(x) -3.24

y = f ′(x) -0.69

x 1.75

-0.69x+ -2.04

f
′
(x) =-0.69

Slope of the Tangent = f ′(x) = -0.51

Intersection with y-axes: -2.36

Equation of the tangent: y =

y = f(x) -3.29

y = f ′(x) -0.51

x 1.82

-0.51x+ -2.36

f
′
(x) =-0.51

Slope of the Tangent = f ′(x) = -0.32

Intersection with y-axes: -2.71

Equation of the tangent: y =

y = f(x) -3.32

y = f ′(x) -0.32

x 1.89

-0.32x+ -2.71

f
′
(x) =-0.32

Slope of the Tangent = f ′(x) = -0.12

Intersection with y-axes: -3.09

Equation of the tangent: y =

y = f(x) -3.33

y = f ′(x) -0.12

x 1.96

-0.12x+ -3.09

f
′
(x) =-0.12

Slope of the Tangent = f ′(x) = 0.08

Intersection with y-axes: -3.5

Equation of the tangent: y =

y = f(x) -3.33

y = f ′(x) 0.08

x 2.03

0.08 x+ -3.5

f
′
(x) =0.08

Slope of the Tangent = f ′(x) = 0.3

Intersection with y-axes: -3.95

Equation of the tangent: y =

y = f(x) -3.32

y = f ′(x) 0.3

x 2.1

0.3 x+ -3.95

f
′
(x) =0.3

Slope of the Tangent = f ′(x) = 0.53

Intersection with y-axes: -4.43

Equation of the tangent: y =

y = f(x) -3.29

y = f ′(x) 0.53

x 2.17

0.53 x+ -4.43

f
′
(x) =0.53

Slope of the Tangent = f ′(x) = 0.76

Intersection with y-axes: -4.95

Equation of the tangent: y =

y = f(x) -3.25

y = f ′(x) 0.76

x 2.24

0.76 x+ -4.95

f
′
(x) =0.76

Slope of the Tangent = f ′(x) = 1.01

Intersection with y-axes: -5.51

Equation of the tangent: y =

y = f(x) -3.18

y = f ′(x) 1.01

x 2.31

1.01 x+ -5.51

f
′
(x) =1.01

Slope of the Tangent = f ′(x) = 1.27

Intersection with y-axes: -6.11

Equation of the tangent: y =

y = f(x) -3.1

y = f ′(x) 1.27

x 2.38

1.27 x+ -6.11

f
′
(x) =1.27

Slope of the Tangent = f ′(x) = 1.53

Intersection with y-axes: -6.75

Equation of the tangent: y =

y = f(x) -3.01

y = f ′(x) 1.53

x 2.44

1.53 x+ -6.75

f
′
(x) =1.53

Slope of the Tangent = f ′(x) = 1.81

Intersection with y-axes: -7.43

Equation of the tangent: y =

y = f(x) -2.89

y = f ′(x) 1.81

x 2.51

1.81 x+ -7.43

f
′
(x) =1.81

Slope of the Tangent = f ′(x) = 2.09

Intersection with y-axes: -8.16

Equation of the tangent: y =

y = f(x) -2.76

y = f ′(x) 2.09

x 2.58

2.09 x+ -8.16

f
′
(x) =2.09

Slope of the Tangent = f ′(x) = 2.38

Intersection with y-axes: -8.93

Equation of the tangent: y =

y = f(x) -2.6

y = f ′(x) 2.38

x 2.65

2.38 x+ -8.93

f
′
(x) =2.38

Slope of the Tangent = f ′(x) = 2.69

Intersection with y-axes: -9.74

Equation of the tangent: y =

y = f(x) -2.43

y = f ′(x) 2.69

x 2.72

2.69 x+ -9.74

f
′
(x) =2.69

Slope of the Tangent = f ′(x) = 3.0

Intersection with y-axes: -10.61

Equation of the tangent: y =

y = f(x) -2.23

y = f ′(x) 3.0

x 2.79

3.0 x+ -10.61

f
′
(x) =3.0

Slope of the Tangent = f ′(x) = 3.32

Intersection with y-axes: -11.52

Equation of the tangent: y =

y = f(x) -2.01

y = f ′(x) 3.32

x 2.86

3.32 x+ -11.52

f
′
(x) =3.32

Slope of the Tangent = f ′(x) = 3.66

Intersection with y-axes: -12.48

Equation of the tangent: y =

y = f(x) -1.77

y = f ′(x) 3.66

x 2.93

3.66 x+ -12.48

f
′
(x) =3.66

Slope of the Tangent = f ′(x) = 4.0

Intersection with y-axes: -13.5

Equation of the tangent: y =

y = f(x) -1.5

y = f ′(x) 4.0

x 3.0

4.0 x+ -13.5

f
′
(x) =4.0

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 1. Let f(x) =
√
x, find the derivative.

Solution:

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

√
x+ h−

√
x

h

= lim
h→0

√
x+ h−√

x

h
·
√
x+ h+

√
x√

x+ h+
√
x

= lim
h→0

x+ h− x

h(
√
x+ h+

√
x)

= lim
h→0

�h

�h(
√
x+ h+

√
x)

= lim
h→0

1√
x+ h+

√
x

=
1

2
√
x
.

Thus f ′(x) =
1

2
√
x
.❍
? �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

y =
√
x y′ =

1

2
√
x

x

y
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Differentiability and Continuity

Theorem 6.1: [Differentiability Implies Continuity]
Let f(x) be a differentiable function at a ∈ D(f). Then f(x) is continuous at a.

Proof: Since f is differentiable function at a ∈ D(f), then lim
x→a

f(x)− f(a)

x− a
exists.

f(x) = f(x)−f(a) + f(a)

=
f(x)− f(a)

(x − a)
· (x− a) + f(a). Now, take the limit

lim
x→a

f(x) = lim
x→a

[
f(x)− f(a)

x− a
· (x− a) + f(a)

]

=

[
lim
x→a

f(x)− f(a)

x− a
lim
x→a

(x− a) + lim
x→a

f(a).

]

= f ′(a) · 0 + f(a) = f(a)

Hence lim
x→a

f(x) = f(a). Thus f is continuous at a.

�
The converse of this theorem is not true.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Definition 6.1: [Differentiability]
A function f is called differentiable at a number x = a if it has a derivative at this number,
i.e.,if f ′(a) exists. A function f is differentiable on an open interval if it differentiable at
every number of the interval.

Definition 6.2: [One-Side Derivatives]

The right hand derivative of f(x) at x = a is defined as f ′
+(a) = lim

h→0+

f(a+ h)− f(a)

h
if this limit exists. The left hand derivative of f(x) at x = a is defined as f ′

−(a) =

lim
h→0−

f(a+ h)− f(a)

h
if this limit exists. A function f(x) has a derivative at x = a if and

only if
f ′

+(a) = f ′
−(a).

Definition 6.3: [Differentiability on Closed Interval]
If a function has a derivative at all points of an interval, it is said to be differentiable in the
interval. In particular, if f(x) is defined in the closed interval [a, b], the f(x) is differentiable
in the interval if and only if f ′(x) exists for each x such that a < x < b and the one-sided
derivatives f ′(a) and f ′(b) exist.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 2. Prove that f(x) = |x| is not differentiable at a = 0.

Solution:
First, for h > 0, we have |h| = h, so

f ′
+(0) = lim

h→0+

f(0 + h)− f(0)

h

= lim
h→0+

|h+ 0| − |0|
h

= lim
h→0+

h

h

= lim
h→0+

1 = 1.

Second, for h < 0, |h| = −h, so

f ′
−(0) = lim

h→0−

f(a+ h)− f(a)

h

= lim
h→0−

|h+ 0| − |0|
h

= lim
h→0−

−h

h
= lim

h→0−
−1 = −1.

��

��

y = |x| y′ =
{

1, x > 0;
−1, x < 0.

x

y

Since these one-sided limits are not equal, then f ′(0) does not exist. Hence f is not differ-
entiable at x = 0.

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 3. Prove that f(x) = 3
√
x+ 1 is not differentiable at a = −1.

Solution:

f ′(0) = lim
h→0

f(−1 + h)− f(−1)

h

= lim
h→0

3
√
−1 + h+ 1− 3

√
−1 + 1

h

= lim
h→0

3
√
h

h

= lim
h→0

h
1
3

h

= lim
h→0

1

h
2
3

= ∞.

1

2

-1

1 2 3-1-2-3-4

y = 3
√

(x+ 1)2 y′ =
1

3 3
√
x+ 1

x

y

Thus f is not differentiable at −1, even though it is continuous at −1. �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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How can a function fail to be differentiable

A function fail to be differentiable in the following cases:

1. If the function is discontinuous at a, see figure 1.

2. If the function has a corner at a, see figure 2.

3. If the function has vertical tangent line at a that is if the function f is continuous at
a and lim

x→a
|f ′(x)| = ∞. See figure 3.

��

a
x

y

a x

y
y

xa

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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