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1. Derivatives of Polynomials and Exponential

Functions

1.1. Basic Differentiation Rules

Definition 1.1: [Basic Differentiation Rules]
Let f, g be two differentiable functions and n, c are real numbers.

1.
d

dx
[c] = 0 The constant rule

2.
d

dx
[x] = 1 The power rule for n = 1

3.
d

dx
[xn] = nxn−1 The power rule

4.
d

dx
[cf(x)] = cf ′(x) The constant multiple rule

5.
d

dx
[f(x) + g(x)] = f ′(x) + g′(x) The sum rule

6.
d

dx
[f(x)− g(x)] = f ′(x) − g′(x) The difference rule
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Example 1. Find the derivative

Solution:

1. y = 5 ⇒ y′ = 0

2. y = 2x ⇒ y′ = 2

3. y = x3 ⇒ y′ = 3x2

4. y =
1

x5
= x−5 ⇒ y′ = −5x−6

5. y = 3x2 − 3

10
x−5 + 4x+ 6 ⇒ y′ = 3(2x)− (−5

3

10
)x−6 + 4 + 0

⇒ y′ = 6x+
3

2
x−6 + 4

6. y = x−5/2 + 3x3/2 + x1/2 ⇒ y′ =
−5

2
x−7/2❍?

+
9

2
x1/2

❍?
+

1

2
x−1/2❍?

7. y = 2xπ + x
√
2 + 3 ⇒ y′ = 2πxπ−1 +

√
2x

√
2−1

8. y = 5π ⇒ y′ = 0

9. y =
5

x3
+

5
√
x2 = 5x−3 + x2/5 ⇒ y′ = −15x−4 +

2

5
x−3/5 =

−15

x4
+

2

5
3
√
x3

�
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−5

2
− 1 =

−5

2
− 2

2
=

−5− 2

2
=

−7

2
3

2
− 1 =

3

2
− 2

2
=

3− 2

2
=

1

2
1

2
− 1 =

1

2
− 2

2
=

1− 2

2
=

−1

2
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Example 2. Find the derivative of the following

1.f(x) = (x2 − 1)(
√
x− 1) 2.f(x) =

3x2 − 3x+ 1

2x
3.f(x) =

x2 − x+ 1√
x

Solution:

1. f(x) =(x2 − 1)(
√
x− 1)

f(x) =x5/2 − x2 − x1/2 + 1❍?

f ′(x) =
5

2
x3/2 − 2x− 1

2
x−1/2 =

5x3/2

2
− 2x− 1

2
√
x

2. f(x) =
3x2 − 3x+ 1

2x

f(x) =
3

2
x− 3

2
+

1

2
x−1❍?

f ′(x) =
3

2
− 0− 1

2
x−2 =

3

2
− 1

2x2

3. f(x) =
x2 − x+ 1√

x

f(x) =x3/2 − x1/2 + x−1/2❍?

f ′(x) =
3

2
x1/2 − 1

2
x−1/2 − 1

2
x−3/2 =

3
√
x

2
− 1

2
√
x
− 1

2
√
x3

�
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(x2 − 1)(
√
x− 1) = x2 · x1/2 − x2 − x1/2 + 1 = x5/2 − x2 − x1/2 + 1

3x2 − 3x+ 1

2x
=

3x2

2x
− 3x

2x
+

1

2x
=

3

2
x− 3

2
+

1

2
x−1x2 − x+ 1√

x
=

x2

x1/2
− x

x1/2
+

1

x1/2
= x3/2 − x1/2 + x−1/2
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Example 3. Find an equation of the tangent line to y = 4
√
x− 2x at x = 4.

Solution: To find an equation for a line you need a point and slope. The point is (4, f(4))

and the slope is m = f ′(4). Now, f(4) = 4
√
4− 2(4) = 8− 8 = 0.

f(x) = 4x1/2 − 2x ⇒ f ′(x) = 4 · 1
2
x−1/2 − 2 =

2√
x
− 2.

Hence m = f ′(4) =
2√
4
− 2 = 1 − 2 = −1. Thus we have the point (4, 0) and m = −1.

Therefore
y − y1 = m(x− x1) ⇒ y − 0 = −1(x− 4) ⇒ y = −x+ 4.

1

2

3

-1

-2

-3

1 2 3 4 5 6-1

y = −x+ 4y = 4
√
x− 2x

x

y

�
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Example 4. For What values of x does the curve f(x) =
2x3 − 3x2 − 12x

6
, have any hori-

zontal tangents?

Solution: First note that the horizontal tangents occur where f ′(x) = 0

f(x) =
2x3 − 3x2 − 12x

6

f ′(x) =
6x2 − 6x− 12

6

f ′(x) = x2 − x− 2

f ′(x) = (x− 3)(x+ 2)

Now,

f ′(x) = 0

x2 − x− 2 = 0

(x − 3)(x+ 2) = 0

x = −2, 3

Hence f has horizontal tangent line at x = −2, x = 3.❍
? �
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1

2

3

4

-1

-2

-3

-4

1 2 3-1-2-3

x

y
f ′(x) = x2 − x− 2

f(x) =
2x3 − 3x2 − 12x

6

Slope of the Tangent: 4.0Slope of the Tangent: 3.66Slope of the Tangent: 3.32Slope of the Tangent: 3.0Slope of the Tangent: 2.69Slope of the Tangent: 2.38Slope of the Tangent: 2.09Slope of the Tangent: 1.81Slope of the Tangent: 1.53Slope of the Tangent: 1.27Slope of the Tangent: 1.01Slope of the Tangent: 0.76Slope of the Tangent: 0.53Slope of the Tangent: 0.3Slope of the Tangent: 0.08Slope of the Tangent: -0.12Slope of the Tangent: -0.32Slope of the Tangent: -0.51Slope of the Tangent: -0.69Slope of the Tangent: -0.86Slope of the Tangent: -1.02Slope of the Tangent: -1.16Slope of the Tangent: -1.3Slope of the Tangent: -1.43Slope of the Tangent: -1.56Slope of the Tangent: -1.67Slope of the Tangent: -1.77Slope of the Tangent: -1.86Slope of the Tangent: -1.94Slope of the Tangent: -2.01Slope of the Tangent: -2.08Slope of the Tangent: -2.13Slope of the Tangent: -2.17Slope of the Tangent: -2.21Slope of the Tangent: -2.23Slope of the Tangent: -2.25Slope of the Tangent: -2.25Slope of the Tangent: -2.25Slope of the Tangent: -2.23Slope of the Tangent: -2.21Slope of the Tangent: -2.17Slope of the Tangent: -2.13Slope of the Tangent: -2.08Slope of the Tangent: -2.01Slope of the Tangent: -1.94Slope of the Tangent: -1.86Slope of the Tangent: -1.77Slope of the Tangent: -1.67Slope of the Tangent: -1.56Slope of the Tangent: -1.43Slope of the Tangent: -1.3Slope of the Tangent: -1.16Slope of the Tangent: -1.02Slope of the Tangent: -0.86Slope of the Tangent: -0.69Slope of the Tangent: -0.51Slope of the Tangent: -0.32Slope of the Tangent: -0.12Slope of the Tangent: 0.08Slope of the Tangent: 0.3Slope of the Tangent: 0.53Slope of the Tangent: 0.76Slope of the Tangent: 1.01Slope of the Tangent: 1.27Slope of the Tangent: 1.53Slope of the Tangent: 1.81Slope of the Tangent: 2.09Slope of the Tangent: 2.38Slope of the Tangent: 2.69Slope of the Tangent: 3.0Slope of the Tangent: 3.32Slope of the Tangent: 3.66Slope of the Tangent: 4.0
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Example 5. Let f(x) = x5 − 2x2 + x− 7

x
, find f (4)(x)

Solution: First note that f(x) = x5 − 2x2 + x− 7x−1.

f(x) = x5 − 2x2 + x− 7x−1

f ′(x) = 5x4 − 4x+ 1 + 7x−8

f ′′(x) = 20x3 − 4− 56x−9

f ′′′(x) = 60x2 + 504x−10

f (4)(x) = 120x− 5040x−11

�

Example 6. Let f(x) = x4 + 3x2 − 2, find f (2)(x)

Solution:

f(x) = x4 + 3x2 − 2

f ′(x) = 4x3 + 6x2

f ′′(x) = 12x2 + 12x

�
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Derivatives of Exponential Functions

Let us apply the definition of derivative to f(x) = ax for x = 0 we get the following

f ′(0) = lim
h→0

f(0 + h)− f(0)

h
Derivative def. at x = 0.

= lim
h→0

a0+h − a0

h

f ′(0) = lim
h→0

ah − 1

h

For any other x we have

f ′(x) = lim
h→0

f(x+ h)− f(x)

h
Derivative def. at x

= lim
h→0

ax+h − ax

h

= lim
h→0

ax · ah − ax

h
ax+h = ax · ah

= lim
h→0

ax · a
h − 1

h
Factoring out ax

= ax · lim
h→0

ah − 1

h
ax remains constant as h → 0.

f ′(x) = f ′(0) · ax.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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It can be proved that the limit lim
h→0

ah − 1

h
exist and

hence f ′(0) exist. To estimate its value, we can

graph the function y =
ah − 1

h
for various value

of a and see where the graph approaches the y-
axis as h → 0. The figure to the right shows the

graphs for a = 2, 2.5, 3we can see that lim
h→0

2h − 1

h
≈

0.69, lim
h→0

(2.5)h − 1

h
≈ 0.92, and lim

h→0

3h − 1

h
≈ 1.1.

Thus at some value of a between 2.5 and 3 the

lim
h→0

ah − 1

h
= 1. This value of a is e. It can be proved

that lim
h→0

ah − 1

h
= ln a

1

-1

��

��

��

h

y

a = 2

a = 2.5

a = 3y = ah−1
h

0.69
0.92

1.1

Definition 1.2: [The Number e]

e is the number such that lim
h→0

eh − 1

h
= 1.❍

?

The number e ≈ 2.718281828459045.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

1

2

3

1 2-1-2-3

��

y =
eh − 1

h

h

y
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Derivatives of Natural Exponential Function

d

dx
(ex) = ex

Example 7. For What value of x does the curve f(x) = 2x − ex, have any horizontal
tangents? Also for what value of x does the tangent line to the curve parallel to y = −3x.

Solution: First note that the horizontal tangents occur where f ′(x) = 0

f(x) = 2x− ex ⇒ f ′(x) = 2− ex

f ′(x) = 0 ⇒2− ex = 0

2 = ex ⇒ x = ln 2

Hence f has horizontal tangent line at x = ln 2❍?

Note that the tangent line is parallel to y = 3x occur where f ′(x) equal to the slope of the
line (−3.)

f(x) = 2x− ex ⇒ f ′(x) = 2− ex

f ′(x) = −3 ⇒2− ex = −3

5 = ex ⇒ x = ln 5

Hence f has a tangent line parallel to y = −3x at x = ln 5.❍
? �
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1

2

-1

-2

-3

-4

1 2-1-2-3

�

�

�| |
ln 2 ln 5

x

y y = 2x− exy′ = 2− ex
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