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2. The Product and Quotient Rules

2.1. The Product Rule

Theorem 2.1: [The Product Rule]
Let f(x) and g(x) be differentiable and n be a real number. Then

d

dx
[f(x)g(x)] = f(x)

dg(x)

dx
+ g(x)

df(x)

dx
or,

[f(x)g(x)]
′
= f(x)g′(x) + g(x)f ′(x).

Example 1. Find the derivative of f(x) = (3x− 2x2)(5 + 4x).

Solution:

f ′(x) =

First
︷ ︸︸ ︷

(3x− 2x2) ·

Derivative of second
︷ ︸︸ ︷

d

dx
(5 + 4x) +

Second
︷ ︸︸ ︷

(5 + 4x) ·

Derivative of first
︷ ︸︸ ︷

d

dx
(3x− 2x2)

= (3x− 2x2)(4) + (5 + 4x)(3− 4x)

= (12x− 8x2) + (15 + 12x− 20x− 16x2)

= −24x2 + 4x+ 15.

�
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Example 2. Find the derivative of f(x) = (x2 + 3)(x3 − 3x+ 1).

Solution:

f ′(x) = (x2 + 3)(3x2 − 3) + (2x)(x3 − 3x+ 1)

= (3x4 + 9x2 − 3x2 − 9) + (2x4 − 6x2 + 2x)

= 6x4 + 2x− 9.

�

Example 3. Find the nth derivative of f(x) = xex.

Solution:

f ′(x) = (1)ex + (x)ex

= (x+ 1)ex

f ′′(x) = (x+ 1)ex + (1)ex

= (x+ 2)ex

f (3)(x) = (x+ 2)ex + (1)ex

= (x+ 3)ex

Hence we can see that

f (n)(x) = (x+ n)ex

�
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Example 4. Let f(x) = x2g(x) where g is a differentiable function with g(2) = −1 and
g′(2) = 4. Find f ′(2).

Solution:

f ′(x) = x2g′(x) + 2xg(x)

f ′(2) = (2)2g′(2) + 2(2)g(2)

= 4(4) + 4(−1) = 16− 4 = 12.

�

Example 5. Find an equation for the tangent line to the curve f(x) = xex at x = 1.

Solution: To find an equation for a line you need a point and slope. The point is (1, f(1))
and the slope is m = f ′(1). Now, f(1) = 1e1 = e.

f(x) = xex ⇒ f ′(x) = xex + ex = (x + 1)ex.

Hence m = f ′(1) = (1 + 1)e = 2e. Thus we have the point (1, e) and m = 2e. Therefore

y − y1 = m(x − x1) ⇒ y − e = 2e(x− 1) ⇒ y = 2ex− 2e+ e

Hence the equation of the tangent line is y = 2ex− e.❍
? �
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2.2. The Quotient Rule

Let f(x) and g(x) be differentiable and n be a real number. Then

d

dx

[
f(x)

g(x)

]
=

g(x) df(x)
dx

− f(x) dg(x)
dx

[g(x)]2
or,

d

dx

[
f(x)

g(x)

]
=

f ′(x)g(x)− g′(x)f(x)
g2(x)

.

Example 6. Find the derivative of f(x) =
3x− 2x2

5 + 4x
.

Solution:

d

dx

[
3x− 2x2

5 + 4x

]
=

Bottom︷ ︸︸ ︷
(5 + 4x)

Derivative of Top︷ ︸︸ ︷
(3x− 2x2)′ −

Top︷ ︸︸ ︷
(3x− 2x2)

Derivative of Bottom︷ ︸︸ ︷
(5 + 4x)′

Bottom2︷ ︸︸ ︷
(5 + 4x)2

=
(5 + 4x)(3− 4x)− (3x− 2x2)(4)

(5 + 4x)2

=
(15− 20x + 12x − 16x2)− (12x − 8x2)

(5 + 4x)2
=

15− 20x− 8x2❍?

(5 + 4x)2
.

�
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Example 7. Find the derivative of f(x) =
3x−√

x

5x2 − 2
.

Solution:

f(x) =
3x−√

x

5x2 − 2

=
3x− x1/2

5x2 − 2

f ′(x) =
(5x2 − 2)(3− 1

2x
−1/2)− (3x−√

x)(10x)

(5x2 − 2)2

=
(15x2 − 5

2x
3/2 − 6 + x−1/2)− (30x− 10x3/2)

(5x2 − 2)2

=
15x2 + 15

2 x
3/2 − 30x+ x−1/2 − 6

(5x2 − 2)2
· x

1/2

x1/2

=
15x5/2 + 15

2 x
2 − 30x3/2 − 6

√
x+ 1√

x(5x2 − 2)2

�
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Example 8. Find an equation for the tangent line to the curve f(x) =
2ex

x+ 1
at x = 1.

Solution: To find an equation for a line you need a point and slope. The point is (1, f(1))

and the slope is m = f ′(1). Now, f(1) =
2e

2
= e.

f(x) =
2ex

x+ 1
⇒ f ′(x) =

(x+ 1)(2ex)− (1)(2ex)

(x+ 1)2
=

2xex

(x+ 1)2
.

Hence m = f ′(1) =
2(1)e

(1 + 1)2
=

e

2
. Thus we have the point (1, e) and m =

e

2
. Therefore

y − y1 = m(x− x1) ⇒ y − e =
e

2
(x− 1) ⇒ y =

e

2
x− e

2
+ e

Hence the equation of the tangent line is y =
e

2
x+

e

2
.❍
? �
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