
King Abdulaziz University

3.5 Implicit Differentiation

Dr. Hamed Al-Sulami

��� �� ���� �	
� ���� �� .� ��� �	�� ������ ������ ��� �	�
��� ������ ������  ��� :�������

c© 2011 hhaalsalmi@kau.edu.sa http://hhaalsalmi.kau.edu.sa

Prepared: April 29, 2011 Presented: April 29, 2011

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

http://www.kau.edu.sa
mailto:hhaalsalmi@kau.edu.sa
http://hhaalsalmi.kau.edu.sa


c©Hamed Al-Sulami 2/9

5. Implicit Differentiation

An implicit function of, for example, y and x is a function in which one of the variables (y)
is not directly expressed in terms of other variable x. It is not always or easy to solve a
given expression for y explicitly as a function of x. We simply differentiate the expression
as it stands, applying all the normal rules, such as the product rule, quotient rule, power
rule, etc., except that we must also remember one additional rule: the Chain rule states

that
du

dx

dx

dt
=

du

dt
. Thus, if y is a function of x, then Dx(y

n) = (yn)′ = nyn−1y′.

Guidelines for Implicit Differentiation

• Differentiate both sides of the equation with respect to x.

• Collect all terms involving y′ on the left side of the equation and move all other terms
to the right side of the equation.

• Factor y′ out of the left side of the equation.

• Solve for y′ by dividing both sides of the equation by the left-hand factor that does
not contain y′.
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Example 1. Find the derivative of the following x2y2 + 3y = 4x

Solution:

x2y2 + 3y = 4x Differentiate both sides with respect to x

(x2y2)′ + (3y)′ = (4x)′ Use the fact (fg)′ = f ′g + fg′

2xy2 + x2(2yy′) + 3y′ = 4

2xy2 + 2x2yy′ + 3y′ = 4 Collect all terms involving y′ to one side

2x2yy′ + 3y′ = 4− 2xy2 Factor y′ out of the left side

(2x2y + 3)y′ = 4− 2xy2 Solve for y′

y′ =
4− 2xy2

2x2y + 3

�
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Example 2. Find the derivative of the following cos (x2y)− sin y = x

Solution:

cos (x2y)− sin y = x Differentiate both sides with respect to x

(cos (x2y))′ − (sin y)′ = (x)′ Use the fact (cos f)′ = −f ′ sin f, (sin f)′ = f ′ cos f

− sin (x2y)(x2y)′ − cos yy′ = 1 Use the fact (fg)′ = f ′g + fg′

− sin (x2y)(2xy + x2y′)− cos yy′ = 1 Collect all terms involving y′ to one side

− 2xy sin (x2y)− 2y′ sin (x2y)− cos yy′ = 1 Factor y′ out of the left side

(−2 sin (x2y)− cos y)y′ = 1 + 2xy sin (x2y) Solve for y′

y′ =
1 + 2xy sin (x2y)

−2 sin (x2y)− cos y

�
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Example 3. Find the slope of the tangent line to the curve x2y2 + 3y = 4x at the point
(1, 1).

Solution:

x2y2 + 3y = 4x Differentiate both sides with respect to x

(x2y2)′ + (3y)′ = (4x)′ Use the fact (fg)′ = f ′g + fg′

2xy2 + x2(2yy′) + 3y′ = 4

2xy2 + 2x2yy′ + 3y′ = 4 Collect all terms involving y′ to one side

2x2yy′ + 3y′ = 4− 2xy2 Factor y′ out of the left side

(2x2y + 3)y′ = 4− 2xy2 Solve for y′

y′ =
4− 2xy2

2x2y + 3

The slope of the tangent line is y′|x=1,y=1 =
4− 2(1)(1)2

2(1)2(1) + 3
=

2

5
�
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Example 4. Find the derivative of the following exy = x−y and use that to find an equation
for the tangent line to the curve of exy = x− y at the point (1, 0).

Solution:

exy = x− y Differentiate both sides with respect to x

(xy)′exy = (x− y)′ Use the fact (ef )′ = f ′ef

(y + xy′)exy = 1− y′ Use the fact (fg)′ = f ′g + fg′

yexy + xy′exy = 1− y′ Collect all terms involving y′ to one side

xy′exy + y′ = 1− yexy Factor y′ out of the left side

(1 + xexy)y′ = 1− yexy Solve for y′

y′ =
1− yexy

1 + xexy

To find the equation we find the slope of the tangent line y′|x=1,y=0 =
1− 0 · e1·0
1 + 1 · e1·0 =

1

2
.

Now, the equation is y − 0 =
1

2
(x − 1) ⇒ y =

1

2
(x − 1). �
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Derivative of an Inverse Function

Let f be a one-to-one differentiable function and suppose that its inverse f−1 is differentiable
function. Then if

y = f−1(x) ⇔ f(y) = x Differentiate both sides with respect to x

⇔ f ′(y)y′ = 1 Solve for y′ and assume f ′(y) �= 0.

⇔ y′ =
1

f ′(y)
Use the fact y = f−1(x)

⇔(f−1)′(x) =
1

f ′(f−1(x))
provided that the denominator is nonzero.

Example 5. let f(x) = 4x+ cosx, find (f−1)′(1).

Solution: First note that f is one-to-one differentiable function and f(0) = 4(0)+ cos0 = 1.
Hence f−1(1) = 0. Now, f ′(x) = 4 − sinx, thus f ′(0) = 4 − sin 0 = 4. Using the above rule
we have

(f−1)′(1) =
1

f ′(f−1(1))
=

1

f ′(0)
=

1

4
.

�
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Derivatives of Inverse Trigonometric Functions

Theorem 5.1: [Derivatives of Inverse Trigonometric Functions]
Let f be a differentiable function.

1.
d

dx
[sin−1 x] =

1√
1− x2

❍? and
d

dx
[sin−1 (f(x))] =

f ′(x)√
1− [f(x)]2

2.
d

dx
[cos−1 x] =

−1√
1− x2

and
d

dx
[cos−1 (f(x))] =

−f ′(x)√
1− [f(x)]2

3.
d

dx
[tan−1 x] =

1

1 + x2
and

d

dx
[tan−1 (f(x))] =

f ′(x)
1 + [f(x)]2

4.
d

dx
[cot−1 x] =

−1

1 + x2
and

d

dx
[cot−1 (f(x))] =

−f ′(x)
1 + [f(x)]2

5.
d

dx
[sec−1 x] =

1

x
√
x2 − 1

and
d

dx
[sec−1 (f(x))] =

f ′(x)
f(x)

√
[f(x)]2 − 1

6.
d

dx
[csc−1 x] =

−1

x
√
x2 − 1

and
d

dx
[csc−1 (f(x))] =

−f ′(x)
f(x)

√
[f(x)]2 − 1
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If y = sin−1 x, then x = sin y when −π/2 ≤ y ≤ π/2 and hence cos y ≥ 0. Now we
use implicit differentiation

x = sin y ⇔ 1 = y′ cos y ⇔ y′ =
1

cos y
.

Since sin2 y + cos2 y = 1, then we have cos y =

√
1− sin2 y =

√
1− x2. It follows

that y′ =
1√

1− sin2 y
=

1√
1− x2

. Hence,
d

dx
[sin−1 x] =

1√
1− x2

.

1

2

-1

-2

1-1-2 π

2
−π

2

−
π

2

π

2

−

−

y = sin−1 x, y = sin x, y = cosx

y = (sin−1 x)′ =
1√

1− x2

x

y
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Example 6. Find the derivative of the following

1. f(x) = sin−1 (
√
x) 2. f(x) = etan

−1 x + tan−1 (ex)

Solution:

1. f(x) = sin−1 (
√
x) Use the fact [sin−1 (f(x))]′ =

f ′(x)
√

1− [f(x)]2

f ′(x) =
(
√
x)′√

1− (
√
x)2

Use the fact [
√
x]′ =

1

2
√
x

f ′(x) =
1

2
√
x
√
1− x

=
1

2
√
x(1− x)

=
1

2
√
x− x2

2. f(x) = etan
−1 x + tan−1 (ex) Use the fact (f + g)′ = fg′ + f ′g

f ′(x) = (tan−1 x)′etan
−1 x +

(ex)′

1 + (ex)2
Use the fact (tan−1(f))′ =

f ′

1 + f2

f ′(x) =
etan

−1 x

1 + x2
+

ex

1 + e2x

�
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