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6. Derivatives of Logarithmic Functions

Theorem 6.1: [Derivatives of Logarithmic Functions]
Let a be a positive real number and f be a differentiable function, then

1.
d

dx
(loga x) =

1

x ln a

2.
d

dx
(lnx) =

1

x
and

d

dx
(ln |x|) = 1

x

3.
d

dx
[loga (f(x))] =

f ′(x)
f(x) ln a

.

4.
d

dx
[ln (f(x))]y =

f ′(x)
f(x)

.

To see the first one: Let

y = loga x ⇔ ay = x Differentiate both sides with respect to x and use the fact (a
f
)
′
= f

′
a
f

ln a

⇔ayy′ ln a = 1 Solve for y′

⇔ y′ =
1

ay ln a
Use the fact ay = x

⇔ y′ =
1

x ln a
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Example 1. Find the derivative of the following

1. f(x) = log2 (x
2 + 1) 2. f(x) = ln (sin (3x)) 3. f(x) =

√
lnx

Solution:

1.f ′(x) =
(x2 + 1)′

(x2 + 1) ln 2
Use the fact (loga f)′ =

f ′

f ln a

=
2x

(x2 + 1) ln 2

2.f ′(x) =
(sin (3x))′

sin (3x)
Use the fact [ln (f(x))]′ =

f ′(x)
f(x)

=
3 cos (3x)

sin (3x)
= 3 cot (3x)

3.f ′(x) =
(lnx)′

2
√
lnx

Use the fact [
√

f(x)]′ =
f ′(x)

2
√

f(x)

=
1
x

2
√
lnx

=
1

2x
√
lnx

�
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Example 2. Let f(x) = ln

(
x√
x− 1

)
. Find an equation for the tangent line at x = 5. For

what x does the tangent is horizontal

Solution:

f(x) = ln

(
x√
x− 1

)
Use the fact ln

a

b
= ln a− ln b

f(x) = lnx− ln (
√
x− 1) = lnx− ln ((x− 1)1/2) Use the fact ln an = n ln a

f(x) = lnx− 1

2
ln (x − 1)

f ′(x) =
1

x
− 1

2(x− 1)
=

x− 2

2x(x− 1)
❍?

Now, at x = 5, f(5) = ln (5/2) and f ′(5) =
3

40
. We have the point (5, ln (5/2)) and slope

f ′(5) =
3

40
, hence the equation of the tangent line is

y − ln (5/2) =
3

40
(x − 5) ⇒ y =

3

40
x− =

3

8
+ ln (5/2).

Since the tangent line is horizontal if f ′(x) = 0, we have

x− 2

2x(x− 1)
= 0 ⇔ x− 2 = 0 ⇔ x = 2.

�
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Logarithmic Differentiation

Sometime it is convenient to use logarithms to compute the derivatives of some complicated
function that contains products, quotients, or powers. This method is called logarithmic
differentiation.

Guidelines for Logarithmic Differentiation

1. Take the natural logarithm of both sides of y = f(x). Apply the properties of loga-
rithms when needed.

2. Implicitly differentiate with respect to x. Remember that (ln y)′ =
y′

y
.

3. Solve for y′, replacing y by f(x) in the final results.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 3. Find the derivative of f(x) =
x√
x− 1

.

Solution:

y =
x√
x− 1

Given.

ln y = ln

(
x√
x− 1

)
Taking natural logarithms for both sides.

= lnx− ln (
√
x− 1) = lnx− ln ((x− 1)1/2) Applying the properties of logarithms.

ln y = lnx− 1

2
ln (x− 1) Differentiating with respect to x.

y′

y
=

1

x
− 1

2(x− 1)

y′

y
=

x− 2

2x(x− 1)
Solving for y′.

y′ = y
x− 2

2x(x− 1)
= �x√

x− 1

x− 2

2�x(x− 1)

y′ =
x− 2

2(x− 1)
3
2

�
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Example 4. Find y′ if y = xx+1 for x > 0.

Solution:

y = xx+1
Given.

ln y = lnxx+1
Taking natural logarithms for both sides.

ln y = (x+ 1) lnx Applying the properties of logarithms.

y′

y
= (x+ 1) · 1

x
+ (1) lnx Differentiating with respect to x.

y′ = y

[
x+ 1

x
+ lnx

]
Solving for y′.

y′ = xx+1

[
x+ 1

x
+ lnx

]
Replacing y by f(x).

Hence y′ = xx+1

[
x+ 1

x
+ lnx

]
❍? �
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+ ln x
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x
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Note 1: A common mistake by the students is the mixing up between the power rule and
the derivative of exponential function. We use the power rule when the base is variable
and the exponent is constant (xn)′ = nxn−1, and for the exponential function the base is
constant and the exponent is variable (ax)′ = ax ln a. In general there are four cases involving
bases and exponents: Let a > 0, b be constants and f, g be differentiable functions.

The Base The Exponent The Form The Derivative

1. a b y = ab, constant y′ = 0

2. f(x) b y = [f(x)]b y′ = b[f(x)]b−1f ′(x)

3. a f(x) y = af(x) y′ = af(x)f ′(x) ln a

4. g(x) f(x) y = [g(x)]f(x) To find y′ use logarithmic differentiation.

The Number e As a Limit

We have seen that f(x) = lnx is differentiable with f ′(x) =
1

x
. Hence f ′(1) = 1. Now,

using the definition of derivative for f(x) = lnx we have the following

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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1 = f ′(1) = lim
h→0

f(1 + h)− f(1)

h
Derivative def. at x = 1

= lim
x→0

f(1 + x)− f(1)

x
Change of variable

= lim
x→0

ln (1 + x)− ln 1

x

= lim
x→0

ln (1 + x)

x
ln 1 = 0

= lim
x→0

1

x
· ln (1 + x)

a

b
=

1

b
· a

= lim
x→0

ln (1 + x)
1
x x ln y = ln yx

Therefore we have lim
x→0

ln (1 + x)
1
x = 1. Now, using the continuity of ex we have

e = e1 = e
lim
x→0

ln (1+x)
1
x

= lim
x→0

eln (1+x)
1
x = lim

x→0
(1 + x)

1
x .

Thus
lim
x→0

(1 + x)
1
x = e.
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If we let x =
1

t
, then when x → 0+, t → ∞ and we will get the following

lim
x→0

(1 + x)1/x = lim
t→∞

(
1 +

1

t

)t

= lim
x→0+

(1 + x)1/x = e.

Hence

lim
x→∞

(
1 +

1

x

)x

= e.

The graphs of the two functions y = (1 + x)1/x and y =

(
1 +

1

x

)x

1
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y = (1 + 1
x)x

y = e

x

y
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