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1. Extreme Values of Functions

Extreme Values of a Function

Definition 1.1: [Extreme Values]
Let f be a function, D(f) be the domain of f with c ∈ D(f).

1. f(c) is an absolute minimum of f if f(c) ≤ f(x) for all x ∈ D(f).

2. f(c) is an absolute maximum of f if f(x) ≤ f(c) for all x ∈ D(f).

The maximum and minimum values of f are called extreme (the plural of extremum) of f.

The question is does every function has an absolute maximum and an absolute minimum.
The answer is no, as we can see from Figures below
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Example 1. Determine the absolute extreme for the given graphs.
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Solution: In Figure 1, since f is not defined at x = −1, x = 0, and x = 1, then f has no
absolute maximum nor absolute minimum.

In Figure 2, notice that f is not defined at x = −1, and x = 1, then f has no absolute
maximum but f has absolute minimum at x = 0.

In Figure 3, since f is defined on the closed interval [−1, 1], then f has absolute maximum
at x = ±1 and absolute minimum at x = 0. �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �



Extreme Values of Functions c©Hamed Al-Sulami 4/10

Definition 1.2: [Local Extreme Values]
Let f be a function, and let c ∈ D(f).

1. f(c) is a local minimum of f if f(c) ≤ f(x) for all x in some open interval containing
c.

2. f(c) is a local maximum of f if f(x) ≤ f(c) for all x in some open interval containing
c.

The local maximum and local minimum values of f are called local extreme of f.

Note 1: it may seem that the two def-

initions are the same but actually they

are deferent, for example the the abso-

lute maximum is the largest value for the

function over all of its domain meanwhile

the local maximum may not be the largest

value over all the domain but it is the

largest value of the function over an in-

terval of the domain. Note that every ab-

solute extreme is a local extreme but the

varices is not true always.
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Theorem 1.1: [The Extreme Values Theorem]
If f is continuous on the closed interval [a, b], then f has an absolute minimum and an
absolute maximum on the interval.

Note 2:

The Extreme Values Theorem is an
existence theorem since it guarantees
the absolute minimum and the absolute
maximum on the interval, if f is con-
tinuous on the closed interval [a, b], but
does not show how to find these values.
Also note that an extreme value can be
taken on more than once. That is a
function may assume its extreme value
at more than one point of its domain.
One last thing is that continuity is the
main condition in the Extreme Values
Theorem as we have seen in Example 1.
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Example 2. Find the value of the derivative at each of the local extremum shown in Figures
below
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Solution: In Figure 1, the function f(x) = x3 − 3x2 has has a local maximum at the
point (0, 0) and a local minimum at (2,−4). The derivative of f(x) is f ′(x) = 3x2 − 6x =
3x(x− 2). At the x-value of the two extreme point, the value of the derivative is zero, that
is f ′(0) = 0 = f ′(2).

In Figure 2, the function f(x) = −|x− 1|+ 2 has a local maximum at the point (1, 2). The
derivative of f at x = 1 does not exist because the following one-side limits differ.
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Definition 1.3: [Critical Numbers]
A critical number of a function f is a number c in the domain of f such that either f ′(c) = 0
or f ′(c) does not exist.

Note 3: The critical numbers of a function are in the domain of the function that make the
derivative equal to zero or make it undefined. The Figures below illustrates the two types
of critical numbers.
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Example 3. Find the critical numbers of f(x) = x3 − 3

2
x2 + 1 and f(x) = x

2
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Solution: Differentiating f(x) = x3 − 3

2
x2 + 1, we have

f ′(x) = 3x2 − 3

2
· 2x = f ′(x) = 3x2 − 3x = 3x(x − 1)

Now, f ′(x) = 0 implies 3x(x− 1) = 0. Hence f ′(x) = 0 if x = 0 or x = 1. Since the domain

of f is R, then x = 0, 1 are the critical numbers of f .❍
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Now, f ′(x) = 0 implies 5x− 10 = 0 ⇒ x = 2. Also f ′(x) does not exist implies 3 3
√
x = 0 ⇒

x = 0. Since the domain of f is R, then x = 0, 2 are the critical numbers of f .❍
? �
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Theorem 1.2: [Fermat’s theorem]
If f f has a local extremum at c, then c is a critical number of f.

Finding Extreme on a Closed Interval

Guidelines for Finding Extreme on a Closed Interval

To find the absolute extreme of a continuous function f on a closed interval [a, b]:

1. Find the critical numbers of f in (a, b).

2. Compute f at each critical number in (a, b).

3. Compute f(a) and f(b).

4. The smallest of these values is the absolute minimum and the largest is the absolute
maximum.
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Example 4. Find the absolute maximum and minimum of f(x) = x2 − 4x; on [0, 3].

Solution: f(x) is a polynomial, then it is continuous on the given interval. To find the
critical number of f in [0, 3]. Differentiating f(x) = x2 − 4x, we have

f ′(x) = 2x− 4.

Now, set f ′(x) = 0 implies 2x − 4 = 0. Hence f ′(x) = 0 if x = 2 ∈ (0, 3). Thus x = 2 is a
critical number of f in (0, 3). By evaluating f at the critical number and the end point of
the interval we get

f(0) = 0
f(2) = 4− 8 = −4
f(3) = 9− 12 = −3

Thus f(0) = 0 is the absolute maximum and f(2) = −4 is the absolute minimum.❍
?
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