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2. The Mean Value Theorem

Rolle’s Theorem

Theorem 2.1: [Rolle’s Theorem]
Let f be a continuous function on the closed interval [a, b], differentiable on the open interval
(a, b), and f(a) = f(b), then there is a number c ∈ (a, b) such that f ′(c) = 0.

Note 1: Rolle’s Theorem states that if a function f is continuous on [a, b] and differentiable
on (a, b), and if f(a) = f(b), there must be at least one x-value between a and b for which
f has a horizontal tangent line. If we dropped the differentiability condition from Rolle’s
Theorem the function will still have a critical number in (a, b), but it may not have a
horizontal tangent line at that critical number as in Figure 2.
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Example 1. Let f(x) = x4 − 2x2. Find all values of c in the interval [−2, 2] such that
f ′(c) = 0.

Solution: Since f is a polynomial, then f is continuous on the interval [−2, 2] and and
differentiable on (−2, 2).

f(−2) = (−2)4 − 2(−2)2

= 16− 8 = 8

= (2)4 − 2(2)2 = f(2)

Thus f(−2) = f(2). Then by Rolle’s Theorem there is a c ∈ (−2, 2) such that f ′(c) = 0.

Now, f ′(x) = 4x3 − 4x. Hence

f ′(c) = 0 ⇒ 4c3 − 4c = 0

⇒ 4c(c2 − 1) = 0

⇒ 4c = 0 or c2 − 1 = 0

⇒ c = 0 or c2 = 1

⇒ c = 0 or c = ±1.

See the graph of f .❍
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Example 2. Let f(x) = (1 − x)2/3 + 1. Show that f(0) = f(2) but there is no number
c ∈ (0, 2) such that f ′(c) = 0. Why does this not contradict Rolle’s Theorem?

Solution:

f(0) = (1− 0)2/3 + 1

= 1 + 1

= 2

= (1− 2)2/3 + 1

= f(2).

Now, f ′(x) =
−2

3 3
√
1− x

�= 0 for all x so f has no horizontal tangent line. This does not

contradict Rolle’s Theorem because f is not differentiable at 1 ∈ (0, 2). Note that f has a
critical number x = 1 because f ′(x) is undefined if x = 1 which is a local minimum. See

the graph of f .❍
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Example 3. Prove that the equation x5 + 2x+ 1 = 0. has exactly one real zero.

Solution: Let f(x) = x5 + 2x + 1, since f is a polynomial, then f is continuous on the
interval [−1, 1] and

f(−1) = (−1)3 + 2(−1) + 1

= −1− 2 + 1

= −2

< 0 < 4

= (1)3 + 2(1) + 1

= f(1).

Thus f(−1) < 0 < f(1). Then by Intermediate Value Theorem Theorem there is a c ∈
(−1, 1) such that f(c) = 0. Hence f has a zero. Now, suppose that f has two real zeros a
and b. Then f(a) = 0 = f(b) and, since f is a polynomial, then f is continuous on [a, b] and
differentiable on (a, b). Thus, by Rolle’s Theorem there is a c ∈ (a, b) such that f ′(c) = 0.
But f ′(x) = 3x4 + 2 ≥ 2 > 0 for all x so f ′(x) > 0. Contradiction so the equation has only

one real zero. See the graph of f .❍
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The Mean Value Theorem

Theorem 2.2: [The Mean Value Theorem-MVT ]
Let f be a continuous function on the closed interval [a, b], differentiable on the open interval

(a, b), then there is a number c ∈ (a, b) such that f ′(c) =
f(b)− f(a)

b − a
.

Note 2: What the MVT saying is that if f is continuous on the closed interval [a, b] and
f is differentiable on the open interval (a, b), then there is a point (c, f(c)) such that the
slope of that tangent line at this point has the slope of the secant line connecting (a, f(a))
and (b, f(b)). In terms of rate of change, the MVT implies that there must be a point in
(a, b) for which the instantaneous rate of change is the same as the average rate of change
over the interval [a, b]. Another alternative form of MVT is as follows: If f is continuous
function on the closed interval [a, b], differentiable on the open interval (a, b), then there is

a number c ∈ (a, b) such that f(b) = f(a) + (b− a)f ′(c).❍?
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Example 4. Let f(x) = 2− 3

x
. Find all values of c in the interval (1, 3) such that

f ′(c) =
f(3)− f(1)

3− 1
.

Solution:

Since the domain of f is R \ {0}, then f is continuous on [1, 3] and differentiable on (1, 3).

Then by MVT there is a c ∈ (1, 3) such that

f ′(c) =
f(3)− f(1)

3− 1
. Now,

f(3) = 2− 3

3
= 2− 1 = 1

f(1) = 2− 3

1
= 2− 3 = −1

f(3)− f(1)

3− 1
=

1− (−1)

3− 1
=

2

2
= 1.

Also, we have f ′(x) =
3

x2
. Hence

f ′(c) =
f(3)− f(1)

3− 1
⇒ 3

c2
= 1 ⇒ c2 = 3 ⇒ c = ±

√
3.

But since −
√
3 /∈ (1, 3), we have c =

√
3.

See the graph of f .❍
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Example 5. Prove that |sinx| ≤ |x| for all x.

Solution: Since sin 0 = 0, then |sin 0| ≤ |0| . For x �= 0, consider the function f(t) = sin t
on the interval [0, x] (assuming 0 < x. ) Then f is continuous on [0, x] and differentiable on
(0, x). Then by the MVT there is a c ∈ (0, x) such that f(x) − f(0) = f ′(c)(x − 0). Now,
f ′(t) = cos t, hence f ′(c) = cos c, and we know that | cos c| ≤ 1. Thus

|sinx| = |f(x)− f(0)| = |f ′(c)(x − 0)|
= |cos c(x)| = |cos c| · |x|
≤ 1 · |x| = |x| .

Hence |sinx| ≤ |x| for all x. �
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Consequences of The Mean Value Theorem

Theorem 2.3: [Zero Derivative Implies Constant Function]
If f is differentiable on the open interval (a, b) and f ′(x) = 0 for all x ∈ (a, b), then f is
constant on (a, b).

Note 3: Note that in the statement of the previous theorem we must have f ′(x) = 0 on an

open interval, then f is constant on that interval. For example the function f(x) =
x

|x| ={
1, if x > 0;
−1, if x < 0.

has f ′(x) = 0, on (−∞, 0)∪ (0,∞)( which is not an interval) but as you

can see f is not constant on (−∞, 0) ∪ (0,∞).

Theorem 2.4: []
If f, g are differentiable on the open interval (a, b) and f ′(x) = g ′(x) for all x ∈ (a, b), then
f(x) = g(x) + C on (a, b) where C is a constant.

Example 6. Prove that sin−1 x+ cos−1 x =
π

2
.

Solution: Let f(x) = sin−1 x + cos−1 x, then f ′(x) =
1√

1− x2
+

−1√
1− x2

= 0. Hence

f(x) = C for all x ∈ [−1, 1]. Thus sin−1 x+ cos−1 x = C for all x ∈ [−1, 1]. Now, for x = 0

we have
π

2
= 0 +

π

2
= sin−1 0 + cos−1 0 = C, thus sin−1 x+ cos−1 x =

π

2
. �
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