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2. Indeterminate Forms and L’Hôpital’s Rule

Theorem 2.1: [L’Hôpital’s Rule]
Suppose f and g are differentiable and g(x) �= 0 near a (except possibly at a). Suppose that
lim
x→a

f(x) = 0 and lim
x→a

g(x) = 0 , or that lim
x→a

f(x) = ±∞ and lim
x→a

g(x) = ±∞. In other

words, we have an indeterminate form type (0/0,∞/∞,−∞/∞). Then

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)
g′(x)

,

if the limit on the right side exists or is (∞ or −∞).

Note 1: In the rule ”x → a” can be replaced by any of the following symbols

x → ∞, x → −∞, x → a+, x → a−.
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Example 1. Find lim
x→2

x2 − 4

x− 2
.

Solution: Since lim
x→2

(x2 − 4) = 0 and lim
x→2

(x− 2) = 0, then lim
x→2

x2 − 4

x− 2
gives us indeter-

minate form type 0/0. We can apply (L.R.)

lim
x→2

x2 − 4

x− 2
= lim

x→2

2x

1
=

2

1
= 2.

�

Example 2. Find lim
x→∞

x3 + 1

x2 − 1
.

Solution:

lim
x→∞

x3 + 1

x2 − 1
= lim

x→∞
x3 + 1

x2 − 1
Direct substitution will give I.F. type ∞/∞. Use L.R.

= lim
x→∞

3x2

2x
I.F. type ∞/∞. Use L.R. again.

= lim
x→∞

6x

2
= lim

x→∞ 3x = ∞.

�
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Example 3. Find lim
x→0

cosx− 1

1− cos (2x)
.

Solution:

lim
x→∞

cosx− 1

1− cos (2x)
= lim

x→∞
cosx− 1

1− cos (2x)
Direct substitution will give I.F. type 0/0. Use L.R.

= lim
x→∞

− sinx

2 sin (2x)
I.F. type 0/0. Use L.R. again.

= lim
x→∞

− cosx

4 cos (2x)

=
− cos 0

4 cos0
=

−1

4
.

�
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Example 4. lim
x→∞

lnx
3
√
x
.

Solution:

lim
x→∞

lnx
3
√
x

= lim
x→∞

lnx
3
√
x

Direct substitution will give I.F. type ∞/∞. Use L.R.

= lim
x→∞

1

x
1

3x2/3

Simplify before taking the limit.

= lim
x→∞

3x2/3

x

a

b
c

d

=
ad

cb

= lim
x→∞

3

x1/3
= 0.

�
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Example 5. Find lim
x→2

√
x+ 2− 2

x− 2
.

Solution:

lim
x→2

√
x+ 2− 2

x− 2
= lim

x→2

√
x+ 2− 2

x− 2
Direct substitution will give I.F. type 0/0. Use L.R.

= lim
x→2

1
2
√
x+2

1
Simplify before taking the limit.

= lim
x→2

1

2
√
x+ 2

=
1

2
√
2 + 2

=
1

4
.

�
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Indeterminate Form Type 0 · ∞
If lim

x→a
f(x) = 0 and lim

x→a
g(x) = +∞ (−∞), then lim

x→a
f(x)g(x) called indeterminate form

type 0,∞.

Guidelines for Finding lim
x→a

f(x)g(x) for Indeterminate Form Type 0 · ∞

1. We write

f(x)g(x) =
f(x)
1

g(x)

, or f(x)g(x) =
g(x)
1

f(x)

2. Use L’Hôpital’s Rule
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Example 6. Find lim
x→(π/2)+

(
x− π

2

)
tanx.

Solution:

lim
x→(π/2)+

(
x− π

2

)
tanx = lim

x→(π/2)+

(
x− π

2

)
tanx Since lim

x→(π/2)+

(
x− π

2

)
= 0,

lim
x→(π/2)+

tanx = −∞. I.F. type 0 · ∞.

= lim
x→(π/2)+

x− π
2

1

tanx

Write
(
x− π

2

)
tan x =

x− π
2

1

tan x

,

we have I.F. type 0/0. Use L.R.

= lim
x→(π/2)+

x− π
2

cotx
cot x =

1

tan x
, we have I.F. type 0/0. Use L.R.

= lim
x→(π/2)+

1

− csc2 x
Simplify before taking the limit

= lim
x→(π/2)+

(− sin2 x) sinx =
1

csc x
.

= −1.

�
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Example 7. Find lim
x→∞x tan

(
1

x

)
.

Solution:

lim
x→∞x tan

(
1

x

)
= lim

x→∞x tan

(
1

x

)
Since lim

x→∞ x = 0, lim
x→∞ tan

(
1

x

)
= 0. I.F. type 0 · ∞.

= lim
x→∞

tan
(
1
x

)
1

x

Write x =
1
1

x

, we have I.F. type 0/0. Use L.R.

= lim
x→∞

sec2
(
1
x

)−1
x2

−1
x2

Simplify before taking the limit

= lim
x→∞ sec2

(
1

x

)

= 1.

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Indeterminate Difference

If lim
x→a

f(x) = ∞ and lim
x→a

g(x) = ∞(−∞), then we say lim
x→a

[f(x)− g(x)] has the indetermi-

nate form type ∞−∞.

Guidelines for Finding lim
x→a

[f(x) − g(x)] for Indeterminate Form Type ∞−∞

1. Change the form [f(x)−g(x)] into a quotient or a product using algebraic manipulation
to get an indeterminate form type 0/0,∞/∞.

2. Use L’Hôpital’s Rule
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Example 8. Find lim
x→0+

(
1

x
− 1

sinx

)
.

Solution:

lim
x→0+

(
1

x
− 1

sinx

)
= lim

x→0+

(
1

x
− 1

sinx

)
Since lim

x→0+

1

x
= ∞ = lim

x→0+

1

sinx
.

We have I.F. type ∞−∞.

= lim
x→0+

sinx− x

x sinx
Write

1

x
− 1

sinx
=

sinx− x

x sinx
,

I.F. type 0/0. Use L.R.

= lim
x→0+

cosx− 1

sinx+ x cos x
We have I.F. type 0/0. Use L.R.

= lim
x→0+

− sinx

2 cosx− x sinx
= 0

�
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Indeterminate power

Limits of the form lim
x→a

[f(x)]
g(x)

give rise to indeterminate form of types 00, ∞0, 1∞. We

get those kinds in the following cases:

1. lim
x→a

f(x) = 0 and lim
x→a

g(x) = 0 type 00

2. lim
x→a

f(x) = ∞ and lim
x→a

g(x) = 0 type∞0

3. lim
x→a

f(x) = 1 and lim
x→a

g(x) = ±∞ type 1∞

Guidelines for Finding lim
x→a

[f(x)]
g(x)

for Indeterminate Form Type 00, ∞0, 1∞.

1. Let y = [f(x)]
g(x)

.

2. Apply natural logarithm for both sides of (1) to get ln y = g(x) ln f(x) =
ln f(x)

1/g(x)
.

3. Use L’Hôpital’s Rule and conclude the following

(1) If lim
x→a

ln y = L, then lim
x→a

y = eL.

(2) If lim
x→a

ln y = ∞, then lim
x→a

y = ∞.

(3) If lim
x→a

ln y = −∞, then lim
x→a

y = 0.
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Example 9. Find lim
x→0+

[1 + sinx]cotx.

Solution: Since lim
x→0+

(1 + sinx) = 1 and lim
x→0+

cotx = +∞, the limit lim
x→0+

(1 + sinx)cotx is

an I.F. type 1∞.

Let y = [1 + sinx]cot x Apply ln for both sides.

ln y = ln ([1 + sinx]cotx) Use logarithm properties and take the limit.

lim
x→0+

ln y = lim
x→0+

[cotx ln (1 + sinx)] I.F. type ∞ · 0.

= lim
x→0+

ln (1 + sinx)
1

cotx

tan x =
1

cotx
.

= lim
x→0+

ln (1 + sinx)

tanx
I.F. type 0/0. Use L.R.

= lim
x→0+

cosx

1 + sinx
sec2 x

= 1.

Therefore, lim
x→0+

(1 + sinx)cot x = e1 = e. �
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