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Let [a,b] € R be a closed and bounded interval, P = {x, z1,...,2,} be a partition of [a,b], and
f :]a,b] = R be bounded function. We use the familiar notation
My, =sup{f(z) | « € [xg—1, x|}, and my = inf{f(z) | © € [wr_1, zx]}.
Note that

U(f,pP Z (M, — my) Axy,
k=1

| Theorem 2.1:| [Integrability of Monotone Functions]

Let f : [a,b] = R be monotone function on [a,b]. Then f is integrable on [a, b].

Discussion: Suppose f is increasing on [a, b]. Let P = {zo,x1,...,2,} be a partition of [a, b] such that xj —xj_1 =
b—a

for k=1,2,...,n. Since f is increasing on [xy_1, zg], then my = f(xx_1) and My = f(xy). Hence

n

U(f,P) —L(f,P) = Z(Mk _mk)Axk

k=1

I
M:

Uuw—fmknﬂb‘ﬂ

k=1 n
b . a Z Fara)]
k=1
=b‘Wgwﬁ—ﬂm»+gwﬁ—ﬂmﬂ+u~uﬂ%»— 7]
= 2 ) — fao)
S OR0)

So we need to choose n € N such that

—a

b
Proof: Suppose f is increasing on [a, b]. Choose n € N such that
h—

[f(b) — f(a)] < e. Let P= {.73071'1,. . .,Jjn}

be a partition of [a, b] such that x; — x,_1 = ¢ for k = 1,2,...,n. Now,

b—a
n

U(f,P)—L(f,P):

[f(b) = fla)] <e.

Hence f is integrable.

| Theorem 22| [Integrability of Continuous Functions]

Let f : [a,b] = R be continuous function on [a,b]. Then f is integrable on [a, b].

September 26, 2011 1 (© Dr.Hamed Al-Sulami



The Riemann Integral Dr.Hamed Al-Sulami

Proof: Since f is continuous on [a,b], then f is uniformly continuous on [a,b]. Hence given € > 0 there exist § > 0

b—
such that if z,y € [a,b] and |z —y| < § = |f(x) — f(y)] < bL Now, choose n € N such that 2% <5 Let
—a n
b—a

P ={xg,x1,...,2,} be a partition of [a,b] such that z; — z5_1 = for k=1,2,...,n. Since f is continuous on
[*k—1, 2], then f takes its maximum and minimum at some points in [x;_1,xk]. Hence my = f(uy) and My = f(vg)

for some ug, vy, € [xr_1,xk]-

b—a
Hence v — ug| < |z — 2p—1] = —— < 0= |f(vg) — flur)| <
Therefore

b—a’

Hence f is integrable.

| Theorem 2.3:| [linearity I]

Let f : [a,b] — R be integrable on [a,b]. If ¢ € R, then cf is integrable on [a, b], and
b b
/ cf = c/ I

Proof: Case 1: ¢ > 0.
Let I C [a,b]. Now, since

inf{(cf)(x) :x € I} = cinf{f(z) : x € I} and sup{(cf)(x):z € I} = csup{f(z):x € I},

then
Ulef,P)=cU(f,P) and L(cf, P) = cL(f, P) for any partition P of [a,b].

Let € > 0 be given. Since f is integrable 3 a partition P. such that U(f, P.) — L(f, P-) < =
¢

Now,

U(Cf,PE)—L(Cf,PE) :CU(fvps)_CL(fvPE)
:C[U(faPE) _L(fvps)}

< c-—
c

=E.
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Hence cf is integrable. Now,

b
cL(f.P.) = L(cf. P.) < / of <U(ef.P)=cU(f.P) (1)

and

b
L(f,PE)g/ f<U(f, P.).

If we multiply the last inequality by ¢ > 0 we get

b
cL(f, P:) gc/ f<cU(f,P:).

Now, using U(cf, P) = cU(f, P) and L(cf, P) = cL(f, P) in the last inequality we have

b
L(cf,P:) < c/ f <Ul(cf, P:).

Hence

b
“U(ef, P) < — / f<-LefP) (@

Adding (1) and (2) we get

<Ulcf,P.) — L(cf, P:) < e.

/abcf_c/abf
/abcf—c/abf’:0:>/abcf—c/abf:0:>/abcf:c/abf

The function ¢f = 0 which is integrable and

/abcfz/:ozozo./abfzc/abf.

b b
[U(ef. P.) — Lef, P)) < / ef —ec / f<U(ef,P) ~ L(cf. P.) =

Hence

Case 2: ¢ =0.

Case 3: ¢ < 0.

Try to do this case.

‘ Theorem 2.4:‘ [linearity II]

Let f,g: [a,b] = R be integrable on [a,b]. Then f + g is integrable on [a, b], and
b b b
/ f+g= / f+ / g-

Proof:

Let I C [a,b]. Now, since

inf{(f+g)(x):x eI} >inf{f(x):x €I} +inf{g(zx):x €I}
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and

sup{(f +¢)(x) : x € I} < sup{f(x) : ¢ € I} + sup{g(a) : 2 € I},

then
U(f+g,P)<U(f,P)+U(g,P)and L(f,P)+ L(g,P) < L(f + g, P) for any partition P of [a,b].

Let € > 0 be given. Since f and g are integrable 3 a partitions P; and P, such that U(f, P1) — L(f, P1) < % and

U(f7P2)_L(f7P2) < %

Now, let
P.=PIUP,= U(f +g9,P.) SU(f,P.) + Ulg, P-) and L(f,F.) + L(g, P.) < L(f + g, P.)
also,
P.=PiUP,=U(f,P.) <U(f,P1), L(f,P)<L(f,P), Ulg,P-)<U(g,P), and, L(g,P) < L(g,F:).
Now,

U(f+g,P:) = L(f +g,F) SU(f,PE)—FU(g,PE)—[L(f,PE)—FL(g,PE)}
S [U(faPE) _L(faPE)] + [U(gaPE) —L(g,PE)}

< [U(fv Pl) - L(f7 Pl)] + [U(gv-PQ) - L(97P2)]

Hence f + g is integrable. Now,

b b b
/f+g§U(f+g,PE>gU(f,P€>+U<g,PE>SL<f,PE>+L<g,P€>+eg/ f+/ gte.

Hence , , ,
/f+g—(/ f+/g)S€ (1).
Also,
b b b
[+ [o<vt P+ UG P <L +9P) 422 [ frgre
Hence

—s</abf+g—(/abf+/abg) .
—eg/abf+g—([1bf+/lbg)éﬁ~
/abf+g—(/abf+/abg) :0=>/abf+9=/abf+/ab9~

By (1) and (2) we have

Hence

<e=

/abf+g—(/abf+/abg)
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| Theorem 2.5:| []

b b
If f and g are integrable on [a, b] and if f(z) < g(z) for x € [a, b], then /f < /g.

Proof: Let h(z) = g(x) — f(z) for all x € [a,b]. Then by the linearity of Riemann integrable h is integrable. Now,

h(z) > 0 for all z € [a,b], hence 0 < m = inf{h(z) : x € [a,b]} < m; = inf{h(x) : 2z € [z;_1,2;] C [a,b]}. Thus if P is
b

any partition of [a,b], we have 0 < L(h, P) < /h.

[ |
| Theorem 2.6:| [Integrability of the absolute value of an integrable function |
Let f : [a,b] = R be integrable on [a,b]. Then |f| is integrable on [a, b], and
b b
o= 1n
Proof:
Let I C [a,b]. Now, since We have
sup{|f(z)| :x € I} —inf{|f(x)| : z € I} <sup{f(x):xz € I} —inf{f(x):z € I}.
Let € > 0 be given. Since f is integrable 3 a partition P. such that U(f, P.) — L(f, P:) < ¢
Now, U(|f|, P-) — L(|f|, P:) < U(f,P.) — L(f, P-) < €. Hence |f] is integrable. Now,
b b b b
f@<lf@l= [ @< [l -t <lf@li=- [ o< [ i)
b b b b b
Houce — [ 1f(0)) < [ f(@) < [ 17)] Theretore | [ 1(a)| < [ 1760
[ |

‘ Theorem 2. 7:‘ [Integrability of the squarer of an integrable function]

Let f : [a,b] — R be integrable on [a,b]. Then f? is integrable on [a, b].

September 26, 2011 5 (© Dr.Hamed Al-Sulami



The Riemann Integral Dr.Hamed Al-Sulami

Proof:
Since f is bounded ,then there exist M > 0 such that |f(z)| < M for all z € [a, b].
Now,let I C [a,b]. We have

sup{f?(x) : x € I'} —inf{f%*(x) : @ € I} < 2M[sup{|f(z)|: @ € I} —inf{|f(z)| : 2 € [}]

Let € > 0 be given. Since |f| is integrable 3 a partition P. such that U(|f|, P-) — L(|f|, P:) < ﬁ

Now,
U(f? P2) = L(f* P2) < 2MU(|f|. P:) = L(| |, P) < 2M 0 = <.

Hence f? is integrable.
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