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2. Essential Functions

2.1. Polynomials

Definition 2.1: [Polynomial Functions]
A function the form

f(x) = anx
n + an−1x

n−1 + · · ·+ a2x
2 + a1x+ a0, an �= 0,

is called a polynomial where n is nonnegative integers and an, an−1, · · · , a2, a1, a0 are con-
stants called the coefficients of the polynomial. The domain of the polynomial is the real
numbers R and the degree of the polynomial is n.

Note 1: The domain of any polynomial is the set of real numbers R = (−∞,∞) and the
range is subset of R. Some of the polynomials have spacial names and they are known by
those name. The following simpler forms are often used.

Zeroth degree: f(x) = a Constant function.

First degree: f(x) = ax+ b Linear function.

Second degree: f(x) = ax2 + bx+ c Quadratic function.

Third degree: f(x) = ax3 + bx2 + cx+ d Cubic function.
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The Figures below show the graphs of the basic polynomials. You should be able to recognize
these graphs and be able to sketch them.

1
2
3

−1
−2
−3

1 2 3−1−2−3

y = x

x

y

1

2

3

4

−1
1 2−1−2−3

y = x2

x

y

1

2

−1

−2

−3

1 2−1−2−3

y = x3

x

y

Example 1. Find the domain of f(x) = 2x2 − x+ 1, and g(x) = 2/3x7 − 8/
√
2x3 − 7.

Solution: Since f(x) = 2x2 − x+ 1, and g(x) = 2/3x7 − 8/
√
2x3 − 7 are polynomials then

D(f) = R = D(g).

�

� � � � �



Essential Functions c©Hamed Al-Sulami 4/15

Definition 2.2: [Rational Functions]

A function is called rational function, if f(x) =
p(x)

q(x)
where p(x), q(x) are polynomial func-

tions. The domain of the rational function is

D(f) = R \ {x | q(x) = 0} = R \ { zeroes of q(x)}.

Below is the graphs of some rational functions,
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Note 2: For some reason, students think that any function, which has variables in a
denominator, is a rational function. This is not true. For example, the function

f(x) =
x− 1√
x+ 4

is not a rational function beacons its denominator is not a polynomial. So

a rational function has to have a polynomial in its numerator and its denominator.

Example 2. Find the domain of the following function f(x) =
x

8− 2x

Solution: We have a rational function, find the zeros of the bottom,
8− 2x = 0, x = 4. Hence D(f) = R \ {4} = (−∞, 4) ∪ (4,∞). �

Example 3. Find the domain of f(x) =
x2 + 1

12x2 − 60x+ 72

Solution: Set 12x2 − 60x+ 72 = 0,

12(x2 − 5x+ 6) = 0

12(x− 3)(x− 2) = 0 factoring

x− 3 = 0 or x− 2 = 0 12 �= 0

x = 3 or x = 2

Hence D(f) = R \ {2, 3} = (−∞, 2) ∪ (2, 3) ∪ (3,∞). �
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Definition 2.3: [Root Functions]

1. A function is called an even root function, if f(x) = n

√
p(x)

q(x)
where p(x) and q(x) are

polynomial and n is an even positive integers. The domain of the even root function is

D(f) = {x :
p(x)

q(x)
≥ 0}.

2. A function is called an odd root function, if f(x) = n

√
p(x)

q(x)
where p(x) and q(x) are and

n ≥ 3 is an odd positive integers. The domain of the odd root function is the real numbers

D(f) = R \ { zeroes of q(x)}.
Below is the graphs of the square root function as an example of even root function and the cubic
root function as an example of an odd root function.
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Example 4. Find the domain of f(x) =
√
9− x2.

Solution: We have an even root function, the domain consists of all numbers x such that,
9− x2 ≥ 0.

9− x2 ≥ 0 ⇔9 ≥ x2 move x2 to the other side

⇔x2 ≤ 9 rewrite the inequality

⇔
√
x2 ≤ 3 take the square root

⇔|x| ≤ 3
√
x2 = |x| use properties of

⇔− 3 ≤ x ≤ 3 absolute value inequality

Hence D(f) = [−3, 3].
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Example 5. Find the domain of g(x) = 3
√
1− x

Solution:

We have an odd root function, the domain consists of all real numbers. Hence D(g) = R.
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Example 6. Let g(x) =

√
x

x− 1
. Find the domain of g.

Solution: The function g(x) =

√
x

x− 1
?

is an even root function, hence
x

x− 1
≥ 0 (we

are looking for (+) sign). Now, to solve the inequality
x

x− 1
≥ 0, we find the zeros of the

numerator and the denominator. x = 0 is the zero of numerator and x − 1 = 0 ⇔ x = 1 is
the zero of the denominator. Now, we use the real line to find the sign of each expression x
and x− 1.

� ��0
?

1
?

−∞ ∞
Test Value −1 .5 2

sign of x −1 = −1 (−) 0.5 = 0.5 (+) 2 = 2 (+)

sign of x− 1 −1− 1 = −2 (−) 0.5− 1 = −0.5 (−) 2− 1 = 1 (+)

sign of
x

x− 1
(−)/(−) = + (+)/(−) = − (+)/(+) = +

Hence D(g) = (−∞, 0] ∪ (1,∞). �

� � � � �

We included 0 because we have equal sign and
excluded 1 because it makes the denominator
equal zero and dividing by zero is not allowed.
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2.2. Trigonometric Functions

Definition 2.4: [Period and amplitude]

1. A function f is called periodic if there exists a positive constant p such that f(x+p) =
f(x) for any x in the domain of f. The smallest such number p is called the period of
the function.

2. The amplitude of a periodic function f is defined to be one half the distance between
its maximum value and its minimum value.

In the table below we list the important information about each the six trigonometric
functions

Function Domain Range Period Amplitude Symmetry
sinx R [−1, 1] 2π 1 sin (−x) = − sinx
cosx R [−1, 1] 2π 1 cos (−x) = cosx

tanx R \
{π

2
+ kπ

}
R π none tan (−x) = − tanx

cotx R \ {kπ} R π none cot (−x) = − cotx
secx R \ {kπ} (−∞,−1] ∪ [1,∞) 2π none sec (−x) = secx

cscx R \
{π

2
+ kπ

}
(−∞,−1] ∪ [1,∞) 2π none csc (−x) = − cscx

� � � � �
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2.3. Graphs of Trigonometric Functions
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2.4. Exponential Functions

Definition 2.5: [Exponential Function]
A function of the form f(x) = ax where a is a positive constant and x varies over all real
numbers is called the exponential function to the base a. The number a is called the base
of the exponential function The domain of the exponential function is the set of all real
numbers.

If 0 < a < 1
?
:

as x become large and positive,ax become close to zero.

as x become large and negative,ax become large.

D(ax) = R and R(ax) = (0,∞)

If a > 1
?
:

as x become large and positive,ax become large.

as x become large and negative,ax become close to zero.

D(ax) = R and R(ax) = (0,∞)

� � � � �

�
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f(x) = ax 0 < a < 1

R(f) = (0,∞)
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Logarithmic Functions

Definition 2.6: [The Base a Logarithmic Function]
The base a logarithmic function f(x) = loga x, is the inverse function of the exponential
function ax The domain of loga x is (0,∞) and the range is R.
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