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3. New Functions From Old Functions

3.1. Transformation of Functions

3.1.1. Vertical Shifts

Let 𝑓 be a function with domain 𝐷(𝑓) and range 𝑅(𝑓).

To shift the graph of 𝑦 = 𝑓(𝑥) up add a positive constant to the right hand side of the
formula 𝑦 = 𝑓(𝑥).

To shift the graph of 𝑦 = 𝑓(𝑥) down subtracts a positive constant to the right hand side of
the formula 𝑦 = 𝑓(𝑥).

For example, the function 𝑦 = 𝑥2 has 𝐷(𝑥2) = ℝ and 𝑅(𝑥2) = [0,∞)

To shift the graph of 𝑦 = 𝑥2 up add 𝑐 > 0 to the formula 𝑦 = 𝑥2 to become 𝑦 = 𝑥2 + 𝑐. ?

Similarly, to shift the graph 𝑦 = 𝑥2 down subtracts 𝑐 > 0 from 𝑦 = 𝑥2 to become
𝑦 = 𝑥2 − 𝑐. ?

Note that the domain will not change and the range will change

𝑅(𝑥2 + 𝑐) = [𝑐,∞) = 𝑐+ [0,∞) = 𝑐+𝑅(𝑥2) and

𝑅(𝑥2 − 𝑐) = [−𝑐,∞) = −𝑐+ [0,∞) = −𝑐+𝑅(𝑥2)

    ▲ ◀ ▶ ▼   ■
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𝑥

𝑦

𝑓(𝑥) = 𝑥2

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.0 ,∞)

𝑦 = 𝑥2
+ 0.0

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.0 ,∞)

𝑦 = 𝑥2− 0.0

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.06,∞)

𝑦 = 𝑥2
+ 0.06

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.06 ,∞)

𝑦 = 𝑥2− 0.06

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.11,∞)

𝑦 = 𝑥2
+ 0.11

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.11 ,∞)

𝑦 = 𝑥2− 0.11

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.17,∞)

𝑦 = 𝑥2
+ 0.17

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.17 ,∞)

𝑦 = 𝑥2− 0.17

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.22,∞)

𝑦 = 𝑥2
+ 0.22

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.22 ,∞)

𝑦 = 𝑥2− 0.22

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.28,∞)

𝑦 = 𝑥2
+ 0.28

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.28 ,∞)

𝑦 = 𝑥2− 0.28

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.33,∞)

𝑦 = 𝑥2
+ 0.33

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.33 ,∞)

𝑦 = 𝑥2− 0.33

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.39,∞)

𝑦 = 𝑥2
+ 0.39

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.39 ,∞)

𝑦 = 𝑥2− 0.39

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.44,∞)

𝑦 = 𝑥2
+ 0.44

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.44 ,∞)

𝑦 = 𝑥2− 0.44

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.5 ,∞)

𝑦 = 𝑥2
+ 0.5

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.5 ,∞)

𝑦 = 𝑥2− 0.5

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.56,∞)

𝑦 = 𝑥2
+ 0.56

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.56 ,∞)

𝑦 = 𝑥2− 0.56

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.61,∞)

𝑦 = 𝑥2
+ 0.61

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.61 ,∞)

𝑦 = 𝑥2− 0.61

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.67,∞)

𝑦 = 𝑥2
+ 0.67

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.67 ,∞)

𝑦 = 𝑥2− 0.67

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.72,∞)

𝑦 = 𝑥2
+ 0.72

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.72 ,∞)

𝑦 = 𝑥2− 0.72

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.78,∞)

𝑦 = 𝑥2
+ 0.78

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.78 ,∞)

𝑦 = 𝑥2− 0.78

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.83,∞)

𝑦 = 𝑥2
+ 0.83

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.83 ,∞)

𝑦 = 𝑥2− 0.83

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.89,∞)

𝑦 = 𝑥2
+ 0.89

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.89 ,∞)

𝑦 = 𝑥2− 0.89

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 0.94,∞)

𝑦 = 𝑥2
+ 0.94

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−0.94 ,∞)

𝑦 = 𝑥2− 0.94

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.0 ,∞)

𝑦 = 𝑥2
+ 1.0

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.0 ,∞)

𝑦 = 𝑥2− 1.0

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.06,∞)

𝑦 = 𝑥2
+ 1.06

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.06 ,∞)

𝑦 = 𝑥2− 1.06

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.11,∞)

𝑦 = 𝑥2
+ 1.11

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.11 ,∞)

𝑦 = 𝑥2− 1.11

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.17,∞)

𝑦 = 𝑥2
+ 1.17

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.17 ,∞)

𝑦 = 𝑥2− 1.17

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.22,∞)

𝑦 = 𝑥2
+ 1.22

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.22 ,∞)

𝑦 = 𝑥2− 1.22

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.28,∞)

𝑦 = 𝑥2
+ 1.28

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.28 ,∞)

𝑦 = 𝑥2− 1.28

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.33,∞)

𝑦 = 𝑥2
+ 1.33

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.33 ,∞)

𝑦 = 𝑥2− 1.33

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.39,∞)

𝑦 = 𝑥2
+ 1.39

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.39 ,∞)

𝑦 = 𝑥2− 1.39

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.44,∞)

𝑦 = 𝑥2
+ 1.44

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.44 ,∞)

𝑦 = 𝑥2− 1.44

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.5 ,∞)

𝑦 = 𝑥2
+ 1.5

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.5 ,∞)

𝑦 = 𝑥2− 1.5

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.56,∞)

𝑦 = 𝑥2
+ 1.56

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.56 ,∞)

𝑦 = 𝑥2− 1.56

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.61,∞)

𝑦 = 𝑥2
+ 1.61

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.61 ,∞)

𝑦 = 𝑥2− 1.61

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.67,∞)

𝑦 = 𝑥2
+ 1.67

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.67 ,∞)

𝑦 = 𝑥2− 1.67

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.72,∞)

𝑦 = 𝑥2
+ 1.72

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.72 ,∞)

𝑦 = 𝑥2− 1.72

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.78,∞)

𝑦 = 𝑥2
+ 1.78

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.78 ,∞)

𝑦 = 𝑥2− 1.78

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.83,∞)

𝑦 = 𝑥2
+ 1.83

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.83 ,∞)

𝑦 = 𝑥2− 1.83

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.89,∞)

𝑦 = 𝑥2
+ 1.89

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.89 ,∞)

𝑦 = 𝑥2− 1.89

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 1.94,∞)

𝑦 = 𝑥2
+ 1.94

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−1.94 ,∞)

𝑦 = 𝑥2− 1.94

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.0 ,∞)

𝑦 = 𝑥2
+ 2.0

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.0 ,∞)

𝑦 = 𝑥2− 2.0

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.06,∞)

𝑦 = 𝑥2
+ 2.06

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.06 ,∞)

𝑦 = 𝑥2− 2.06

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.11,∞)

𝑦 = 𝑥2
+ 2.11

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.11 ,∞)

𝑦 = 𝑥2− 2.11

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.17,∞)

𝑦 = 𝑥2
+ 2.17

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.17 ,∞)

𝑦 = 𝑥2− 2.17

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.22,∞)

𝑦 = 𝑥2
+ 2.22

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.22 ,∞)

𝑦 = 𝑥2− 2.22

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.28,∞)

𝑦 = 𝑥2
+ 2.28

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.28 ,∞)

𝑦 = 𝑥2− 2.28

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.33,∞)

𝑦 = 𝑥2
+ 2.33

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.33 ,∞)

𝑦 = 𝑥2− 2.33

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.39,∞)

𝑦 = 𝑥2
+ 2.39

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.39 ,∞)

𝑦 = 𝑥2− 2.39

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.44,∞)

𝑦 = 𝑥2
+ 2.44

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.44 ,∞)

𝑦 = 𝑥2− 2.44

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.5 ,∞)

𝑦 = 𝑥2
+ 2.5

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.5 ,∞)

𝑦 = 𝑥2− 2.5

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.56,∞)

𝑦 = 𝑥2
+ 2.56

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.56 ,∞)

𝑦 = 𝑥2− 2.56

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.61,∞)

𝑦 = 𝑥2
+ 2.61

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.61 ,∞)

𝑦 = 𝑥2− 2.61

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.67,∞)

𝑦 = 𝑥2
+ 2.67

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.67 ,∞)

𝑦 = 𝑥2− 2.67

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.72,∞)

𝑦 = 𝑥2
+ 2.72

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.72 ,∞)

𝑦 = 𝑥2− 2.72

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.78,∞)

𝑦 = 𝑥2
+ 2.78

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.78 ,∞)

𝑦 = 𝑥2− 2.78

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.83,∞)

𝑦 = 𝑥2
+ 2.83

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.83 ,∞)

𝑦 = 𝑥2− 2.83

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.89,∞)

𝑦 = 𝑥2
+ 2.89

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.89 ,∞)

𝑦 = 𝑥2− 2.89

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 2.94,∞)

𝑦 = 𝑥2
+ 2.94

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−2.94 ,∞)

𝑦 = 𝑥2− 2.94

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.0 ,∞)

𝑦 = 𝑥2
+ 3.0

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.0 ,∞)

𝑦 = 𝑥2− 3.0

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.06,∞)

𝑦 = 𝑥2
+ 3.06

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.06 ,∞)

𝑦 = 𝑥2− 3.06

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.11,∞)

𝑦 = 𝑥2
+ 3.11

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.11 ,∞)

𝑦 = 𝑥2− 3.11

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.17,∞)

𝑦 = 𝑥2
+ 3.17

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.17 ,∞)

𝑦 = 𝑥2− 3.17

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.22,∞)

𝑦 = 𝑥2
+ 3.22

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.22 ,∞)

𝑦 = 𝑥2− 3.22

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.28,∞)

𝑦 = 𝑥2
+ 3.28

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.28 ,∞)

𝑦 = 𝑥2− 3.28

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.33,∞)

𝑦 = 𝑥2
+ 3.33

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.33 ,∞)

𝑦 = 𝑥2− 3.33

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.39,∞)

𝑦 = 𝑥2
+ 3.39

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.39 ,∞)

𝑦 = 𝑥2− 3.39

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.44,∞)

𝑦 = 𝑥2
+ 3.44

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.44 ,∞)

𝑦 = 𝑥2− 3.44

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.5 ,∞)

𝑦 = 𝑥2
+ 3.5

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.5 ,∞)

𝑦 = 𝑥2− 3.5

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.56,∞)

𝑦 = 𝑥2
+ 3.56

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.56 ,∞)

𝑦 = 𝑥2− 3.56

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.61,∞)

𝑦 = 𝑥2
+ 3.61

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.61 ,∞)

𝑦 = 𝑥2− 3.61

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.67,∞)

𝑦 = 𝑥2
+ 3.67

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.67 ,∞)

𝑦 = 𝑥2− 3.67

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.72,∞)

𝑦 = 𝑥2
+ 3.72

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.72 ,∞)

𝑦 = 𝑥2− 3.72

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.78,∞)

𝑦 = 𝑥2
+ 3.78

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.78 ,∞)

𝑦 = 𝑥2− 3.78

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.83,∞)

𝑦 = 𝑥2
+ 3.83

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.83 ,∞)

𝑦 = 𝑥2− 3.83

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.89,∞)

𝑦 = 𝑥2
+ 3.89

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.89 ,∞)

𝑦 = 𝑥2− 3.89

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 3.94,∞)

𝑦 = 𝑥2
+ 3.94

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−3.94 ,∞)

𝑦 = 𝑥2− 3.94

𝐷(𝑥2 + 𝑐) = ℝ

𝑅(𝑥2 + 𝑐) = [ 4.0 ,∞)

𝑦 = 𝑥2
+ 4.0

𝐷(𝑥2 − 𝑐) = ℝ

𝑅(𝑥2 − 𝑐) = [−4.0 ,∞)

𝑦 = 𝑥2− 4.0
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The table below shows the effect of vertical shift on the graph of 𝑦 = 𝑓(𝑥)

Operation on 𝑦 = 𝑓(𝑥) Add a positive Subtract a positive
constant 𝑐 to 𝑓(𝑥) constant 𝑐 to 𝑓(𝑥)

New equation(function) 𝑦 = 𝑓(𝑥) + 𝑐 𝑦 = 𝑓(𝑥)− 𝑐
Geometric effect Shift the graph up 𝑐 units Shift the graph down 𝑐 units
Domain of new function 𝐷(𝑓(𝑥) + 𝑐) = 𝐷(𝑓) 𝐷(𝑓(𝑥) − 𝑐) = 𝐷(𝑓)
Range of new function 𝑅(𝑓(𝑥) + 𝑐) = 𝑐+𝑅(𝑓) 𝑅(𝑓(𝑥)− 𝑐) = −𝑐+𝑅(𝑓)

Example

1

2

3

-1
1 2 3-1

y

x

y =
√

x

y =
√

x + 1

1

2

-1

-2

1 2 3-1

y

x

y =
√

x

y =
√

x − 1

    ▲ ◀ ▶ ▼   ■
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3.1.2. Horizontal Shifts

Let 𝑓 be a function with domain 𝐷(𝑓) and range 𝑅(𝑓).

To shift the graph of 𝑦 = 𝑓(𝑥) to the left add a positive constant to 𝑥.

To shift the graph of 𝑦 = 𝑓(𝑥) to the right subtracts a positive constant from 𝑥.

For example, the function 𝑦 =
√
𝑥 has 𝐷(

√
𝑥) = [0,∞) and 𝑅(

√
𝑥) = [0,∞)

To shift the graph of 𝑦 =
√
𝑥 to the right add 𝑐 > 0 to 𝑥 in the formula 𝑦 =

√
𝑥 to become

𝑦 =
√
𝑥+ 𝑐. ?

Similarly, to shift the graph 𝑦 =
√
𝑥 to the left subtracts 𝑐 > 0 from 𝑥 in the formula 𝑦 =

√
𝑥

to become 𝑦 =
√
𝑥− 𝑐. ?

Note that the range will not change and the domain will change

𝐷(
√
𝑥+ 𝑐) = [−𝑐,∞) = −𝑐+ [0,∞) = −𝑐+𝐷(

√
𝑥) and

𝐷(
√
𝑥− 𝑐) = [𝑐,∞) = 𝑐+ [0,∞) = 𝑐+𝐷(

√
𝑥)

    ▲ ◀ ▶ ▼   ■

1

2

3

4

-1

1 2 3 4 5 6-1-2-3-4-5-6-7

𝑥

𝑦

𝑓(𝑥) =
√
𝑥 𝑦 = (𝑥− 0.0 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.0 ,∞)

𝑦 = (𝑥+ 0.0 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.0 ,∞)

𝑦 = (𝑥− 0.06 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.06,∞)

𝑦 = (𝑥+ 0.06 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.06 ,∞)

𝑦 = (𝑥− 0.11 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.11,∞)

𝑦 = (𝑥+ 0.11 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.11 ,∞)

𝑦 = (𝑥− 0.17 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.17,∞)

𝑦 = (𝑥+ 0.17 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.17 ,∞)

𝑦 = (𝑥− 0.22 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.22,∞)

𝑦 = (𝑥+ 0.22 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.22 ,∞)

𝑦 = (𝑥− 0.28 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.28,∞)

𝑦 = (𝑥+ 0.28 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.28 ,∞)

𝑦 = (𝑥− 0.33 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.33,∞)

𝑦 = (𝑥+ 0.33 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.33 ,∞)

𝑦 = (𝑥− 0.39 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.39,∞)

𝑦 = (𝑥+ 0.39 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.39 ,∞)

𝑦 = (𝑥− 0.44 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.44,∞)

𝑦 = (𝑥+ 0.44 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.44 ,∞)

𝑦 = (𝑥− 0.5 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.5 ,∞)

𝑦 = (𝑥+ 0.5 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.5 ,∞)

𝑦 = (𝑥− 0.56 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.56,∞)

𝑦 = (𝑥+ 0.56 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.56 ,∞)

𝑦 = (𝑥− 0.61 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.61,∞)

𝑦 = (𝑥+ 0.61 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.61 ,∞)

𝑦 = (𝑥− 0.67 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.67,∞)

𝑦 = (𝑥+ 0.67 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.67 ,∞)

𝑦 = (𝑥− 0.72 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.72,∞)

𝑦 = (𝑥+ 0.72 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.72 ,∞)

𝑦 = (𝑥− 0.78 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.78,∞)

𝑦 = (𝑥+ 0.78 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.78 ,∞)

𝑦 = (𝑥− 0.83 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.83,∞)

𝑦 = (𝑥+ 0.83 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.83 ,∞)

𝑦 = (𝑥− 0.89 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.89,∞)

𝑦 = (𝑥+ 0.89 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.89 ,∞)

𝑦 = (𝑥− 0.94 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.94,∞)

𝑦 = (𝑥+ 0.94 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 0.94 ,∞)

𝑦 = (𝑥− 1.0 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.0 ,∞)

𝑦 = (𝑥+ 1.0 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.0 ,∞)

𝑦 = (𝑥− 1.06 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.06,∞)

𝑦 = (𝑥+ 1.06 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.06 ,∞)

𝑦 = (𝑥− 1.11 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.11,∞)

𝑦 = (𝑥+ 1.11 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.11 ,∞)

𝑦 = (𝑥− 1.17 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.17,∞)

𝑦 = (𝑥+ 1.17 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.17 ,∞)

𝑦 = (𝑥− 1.22 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.22,∞)

𝑦 = (𝑥+ 1.22 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.22 ,∞)

𝑦 = (𝑥− 1.28 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.28,∞)

𝑦 = (𝑥+ 1.28 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.28 ,∞)

𝑦 = (𝑥− 1.33 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.33,∞)

𝑦 = (𝑥+ 1.33 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.33 ,∞)

𝑦 = (𝑥− 1.39 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.39,∞)

𝑦 = (𝑥+ 1.39 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.39 ,∞)

𝑦 = (𝑥− 1.44 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.44,∞)

𝑦 = (𝑥+ 1.44 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.44 ,∞)

𝑦 = (𝑥− 1.5 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.5 ,∞)

𝑦 = (𝑥+ 1.5 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.5 ,∞)

𝑦 = (𝑥− 1.56 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.56,∞)

𝑦 = (𝑥+ 1.56 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.56 ,∞)

𝑦 = (𝑥− 1.61 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.61,∞)

𝑦 = (𝑥+ 1.61 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.61 ,∞)

𝑦 = (𝑥− 1.67 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.67,∞)

𝑦 = (𝑥+ 1.67 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.67 ,∞)

𝑦 = (𝑥− 1.72 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.72,∞)

𝑦 = (𝑥+ 1.72 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.72 ,∞)

𝑦 = (𝑥− 1.78 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.78,∞)

𝑦 = (𝑥+ 1.78 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.78 ,∞)

𝑦 = (𝑥− 1.83 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.83,∞)

𝑦 = (𝑥+ 1.83 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.83 ,∞)

𝑦 = (𝑥− 1.89 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.89,∞)

𝑦 = (𝑥+ 1.89 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.89 ,∞)

𝑦 = (𝑥− 1.94 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.94,∞)

𝑦 = (𝑥+ 1.94 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 1.94 ,∞)

𝑦 = (𝑥− 2.0 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.0 ,∞)

𝑦 = (𝑥+ 2.0 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.0 ,∞)

𝑦 = (𝑥− 2.06 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.06,∞)

𝑦 = (𝑥+ 2.06 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.06 ,∞)

𝑦 = (𝑥− 2.11 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.11,∞)

𝑦 = (𝑥+ 2.11 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.11 ,∞)

𝑦 = (𝑥− 2.17 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.17,∞)

𝑦 = (𝑥+ 2.17 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.17 ,∞)

𝑦 = (𝑥− 2.22 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.22,∞)

𝑦 = (𝑥+ 2.22 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.22 ,∞)

𝑦 = (𝑥− 2.28 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.28,∞)

𝑦 = (𝑥+ 2.28 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.28 ,∞)

𝑦 = (𝑥− 2.33 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.33,∞)

𝑦 = (𝑥+ 2.33 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.33 ,∞)

𝑦 = (𝑥− 2.39 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.39,∞)

𝑦 = (𝑥+ 2.39 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.39 ,∞)

𝑦 = (𝑥− 2.44 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.44,∞)

𝑦 = (𝑥+ 2.44 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.44 ,∞)

𝑦 = (𝑥− 2.5 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.5 ,∞)

𝑦 = (𝑥+ 2.5 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.5 ,∞)

𝑦 = (𝑥− 2.56 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.56,∞)

𝑦 = (𝑥+ 2.56 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.56 ,∞)

𝑦 = (𝑥− 2.61 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.61,∞)

𝑦 = (𝑥+ 2.61 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.61 ,∞)

𝑦 = (𝑥− 2.67 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.67,∞)

𝑦 = (𝑥+ 2.67 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.67 ,∞)

𝑦 = (𝑥− 2.72 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.72,∞)

𝑦 = (𝑥+ 2.72 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.72 ,∞)

𝑦 = (𝑥− 2.78 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.78,∞)

𝑦 = (𝑥+ 2.78 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.78 ,∞)

𝑦 = (𝑥− 2.83 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.83,∞)

𝑦 = (𝑥+ 2.83 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.83 ,∞)

𝑦 = (𝑥− 2.89 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.89,∞)

𝑦 = (𝑥+ 2.89 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.89 ,∞)

𝑦 = (𝑥− 2.94 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.94,∞)

𝑦 = (𝑥+ 2.94 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 2.94 ,∞)

𝑦 = (𝑥− 3.0 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.0 ,∞)

𝑦 = (𝑥+ 3.0 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.0 ,∞)

𝑦 = (𝑥− 3.06 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.06,∞)

𝑦 = (𝑥+ 3.06 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.06 ,∞)

𝑦 = (𝑥− 3.11 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.11,∞)

𝑦 = (𝑥+ 3.11 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.11 ,∞)

𝑦 = (𝑥− 3.17 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.17,∞)

𝑦 = (𝑥+ 3.17 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.17 ,∞)

𝑦 = (𝑥− 3.22 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.22,∞)

𝑦 = (𝑥+ 3.22 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.22 ,∞)

𝑦 = (𝑥− 3.28 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.28,∞)

𝑦 = (𝑥+ 3.28 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.28 ,∞)

𝑦 = (𝑥− 3.33 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.33,∞)

𝑦 = (𝑥+ 3.33 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.33 ,∞)

𝑦 = (𝑥− 3.39 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.39,∞)

𝑦 = (𝑥+ 3.39 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.39 ,∞)

𝑦 = (𝑥− 3.44 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.44,∞)

𝑦 = (𝑥+ 3.44 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.44 ,∞)

𝑦 = (𝑥− 3.5 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.5 ,∞)

𝑦 = (𝑥+ 3.5 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.5 ,∞)

𝑦 = (𝑥− 3.56 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.56,∞)

𝑦 = (𝑥+ 3.56 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.56 ,∞)

𝑦 = (𝑥− 3.61 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.61,∞)

𝑦 = (𝑥+ 3.61 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.61 ,∞)

𝑦 = (𝑥− 3.67 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.67,∞)

𝑦 = (𝑥+ 3.67 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.67 ,∞)

𝑦 = (𝑥− 3.72 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.72,∞)

𝑦 = (𝑥+ 3.72 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.72 ,∞)

𝑦 = (𝑥− 3.78 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.78,∞)

𝑦 = (𝑥+ 3.78 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.78 ,∞)

𝑦 = (𝑥− 3.83 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.83,∞)

𝑦 = (𝑥+ 3.83 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.83 ,∞)

𝑦 = (𝑥− 3.89 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.89,∞)

𝑦 = (𝑥+ 3.89 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.89 ,∞)

𝑦 = (𝑥− 3.94 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.94,∞)

𝑦 = (𝑥+ 3.94 )
(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 3.94 ,∞)

𝑦 = (𝑥− 4.0 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 4.0 ,∞)

𝑦 = (𝑥+ 4.0 )(1/2)

𝑅((𝑥− 𝑐)2) = [0,∞)

𝐷((𝑥 − 𝑐)2) = [ 4.0 ,∞)
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The table below shows the effect of horizontal shift on the graph of 𝑦 = 𝑓(𝑥)

Operation on 𝑦 = 𝑓(𝑥) Replace 𝑥 Replace 𝑥
by 𝑥+ 𝑐 by 𝑥− 𝑐

New equation(function) 𝑦 = 𝑓(𝑥+ 𝑐) 𝑦 = 𝑓(𝑥− 𝑐)
Geometric effect Shift the graph left 𝑐 units Shift the graph right 𝑐 units
Domain of new function 𝐷(𝑓(𝑥+ 𝑐)) = −𝑐+𝐷(𝑓) 𝐷(𝑓(𝑥− 𝑐)) = 𝑐+𝐷(𝑓)
Range of new function 𝑅(𝑓(𝑥+ 𝑐)) = 𝑅(𝑓) 𝑅(𝑓(𝑥− 𝑐)) = 𝑅(𝑓)

Example

1

2

3

-1
1 2 3-1-2-3-4

y

x

y = x2

y = (x + 1)2

1

2

3

-1
1 2 3-1-2-3-4

y

x

y = x2

y = (x − 1)2

    ▲ ◀ ▶ ▼   ■
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3.1.3. Horizontal and Vertical Shift

1

2

3

4

5

6

7

8

-1

-2

-3

-4

-5

1 2 3 4 5 6-1-2-3-4-5-6-7

𝑥

𝑦

𝑓(𝑥) = 𝑥2

𝑦 = ( 𝑥− 0.0 )2 + 0.0𝑦 = ( 𝑥+ 0.0 )2 + 0.0

𝑦 = ( 𝑥− 0.0 )2 − 0.0𝑦 = ( 𝑥+ 0.0 )
2 − 0.0

𝑦 = ( 𝑥− 0.06)
2
+ 0.06𝑦 = ( 𝑥+ 0.06 )2 + 0.04

𝑦 = ( 𝑥− 0.03)
2 − 0.04𝑦 = ( 𝑥+ 0.04)

2 − 0.03

𝑦 = ( 𝑥− 0.11)
2
+ 0.11𝑦 = ( 𝑥+ 0.11 )2 + 0.08

𝑦 = ( 𝑥− 0.06)
2 − 0.08𝑦 = ( 𝑥+ 0.08)

2 − 0.06

𝑦 = ( 𝑥− 0.17)
2
+ 0.17𝑦 = ( 𝑥+ 0.17 )2 + 0.13

𝑦 = ( 𝑥− 0.08)
2 − 0.13𝑦 = ( 𝑥+ 0.13)

2 − 0.08

𝑦 = ( 𝑥− 0.22)
2
+ 0.22𝑦 = ( 𝑥+ 0.22 )2 + 0.17

𝑦 = ( 𝑥− 0.11)
2 − 0.17𝑦 = ( 𝑥+ 0.17)

2 − 0.11

𝑦 = ( 𝑥− 0.28)
2
+ 0.28𝑦 = ( 𝑥+ 0.28 )2 + 0.21

𝑦 = ( 𝑥− 0.14)
2 − 0.21𝑦 = ( 𝑥+ 0.21)

2 − 0.14

𝑦 = ( 𝑥− 0.33)
2
+ 0.33𝑦 = ( 𝑥+ 0.33 )2 + 0.25

𝑦 = ( 𝑥− 0.17)
2 − 0.25𝑦 = ( 𝑥+ 0.25)

2 − 0.17

𝑦 = ( 𝑥− 0.39)
2
+ 0.39𝑦 = ( 𝑥+ 0.39 )2 + 0.29

𝑦 = ( 𝑥− 0.19)
2 − 0.29𝑦 = ( 𝑥+ 0.29)

2 − 0.19

𝑦 = ( 𝑥− 0.44)
2
+ 0.44𝑦 = ( 𝑥+ 0.44 )2 + 0.33

𝑦 = ( 𝑥− 0.22)
2 − 0.33𝑦 = ( 𝑥+ 0.33)

2 − 0.22

𝑦 = ( 𝑥− 0.5 )2 + 0.5𝑦 = ( 𝑥+ 0.5 )2 + 0.38

𝑦 = ( 𝑥− 0.25)
2 − 0.38𝑦 = ( 𝑥+ 0.38)

2 − 0.25

𝑦 = ( 𝑥− 0.56)
2
+ 0.56𝑦 = ( 𝑥+ 0.56 )2 + 0.42

𝑦 = ( 𝑥− 0.28)
2 − 0.42𝑦 = ( 𝑥+ 0.42)

2 − 0.28

𝑦 = ( 𝑥− 0.61)
2
+ 0.61𝑦 = ( 𝑥+ 0.61 )2 + 0.46

𝑦 = ( 𝑥− 0.31)
2 − 0.46𝑦 = ( 𝑥+ 0.46)

2 − 0.31

𝑦 = ( 𝑥− 0.67)
2
+ 0.67𝑦 = ( 𝑥+ 0.67 )2 + 0.5

𝑦 = ( 𝑥− 0.33)
2 − 0.5𝑦 = ( 𝑥+ 0.5 )

2 − 0.33

𝑦 = ( 𝑥− 0.72)
2
+ 0.72𝑦 = ( 𝑥+ 0.72 )2 + 0.54

𝑦 = ( 𝑥− 0.36)
2 − 0.54𝑦 = ( 𝑥+ 0.54)

2 − 0.36

𝑦 = ( 𝑥− 0.78)
2
+ 0.78𝑦 = ( 𝑥+ 0.78 )2 + 0.58

𝑦 = ( 𝑥− 0.39)
2 − 0.58𝑦 = ( 𝑥+ 0.58)

2 − 0.39

𝑦 = ( 𝑥− 0.83)
2
+ 0.83𝑦 = ( 𝑥+ 0.83 )2 + 0.63

𝑦 = ( 𝑥− 0.42)
2 − 0.63𝑦 = ( 𝑥+ 0.63)

2 − 0.42

𝑦 = ( 𝑥− 0.89)
2
+ 0.89𝑦 = ( 𝑥+ 0.89 )2 + 0.67

𝑦 = ( 𝑥− 0.44)
2 − 0.67𝑦 = ( 𝑥+ 0.67)

2 − 0.44

𝑦 = ( 𝑥− 0.94)
2
+ 0.94𝑦 = ( 𝑥+ 0.94 )2 + 0.71

𝑦 = ( 𝑥− 0.47)
2 − 0.71𝑦 = ( 𝑥+ 0.71)

2 − 0.47

𝑦 = ( 𝑥− 1.0 )2 + 1.0𝑦 = ( 𝑥+ 1.0 )2 + 0.75

𝑦 = ( 𝑥− 0.5 )2 − 0.75𝑦 = ( 𝑥+ 0.75)
2 − 0.5

𝑦 = ( 𝑥− 1.06)
2
+ 1.06𝑦 = ( 𝑥+ 1.06 )2 + 0.79

𝑦 = ( 𝑥− 0.53)
2 − 0.79𝑦 = ( 𝑥+ 0.79)

2 − 0.53

𝑦 = ( 𝑥− 1.11)
2
+ 1.11𝑦 = ( 𝑥+ 1.11 )2 + 0.83

𝑦 = ( 𝑥− 0.56)
2 − 0.83𝑦 = ( 𝑥+ 0.83)

2 − 0.56

𝑦 = ( 𝑥− 1.17)
2
+ 1.17𝑦 = ( 𝑥+ 1.17 )2 + 0.88

𝑦 = ( 𝑥− 0.58)
2 − 0.88𝑦 = ( 𝑥+ 0.88)

2 − 0.58

𝑦 = ( 𝑥− 1.22)
2
+ 1.22𝑦 = ( 𝑥+ 1.22 )2 + 0.92

𝑦 = ( 𝑥− 0.61)
2 − 0.92𝑦 = ( 𝑥+ 0.92)

2 − 0.61

𝑦 = ( 𝑥− 1.28)
2
+ 1.28𝑦 = ( 𝑥+ 1.28 )2 + 0.96

𝑦 = ( 𝑥− 0.64)
2 − 0.96𝑦 = ( 𝑥+ 0.96)

2 − 0.64

𝑦 = ( 𝑥− 1.33)
2
+ 1.33𝑦 = ( 𝑥+ 1.33 )2 + 1.0

𝑦 = ( 𝑥− 0.67)
2 − 1.0𝑦 = ( 𝑥+ 1.0 )

2 − 0.67

𝑦 = ( 𝑥− 1.39)
2
+ 1.39𝑦 = ( 𝑥+ 1.39 )2 + 1.04

𝑦 = ( 𝑥− 0.69)
2 − 1.04𝑦 = ( 𝑥+ 1.04)

2 − 0.69

𝑦 = ( 𝑥− 1.44)
2
+ 1.44𝑦 = ( 𝑥+ 1.44 )2 + 1.08

𝑦 = ( 𝑥− 0.72)
2 − 1.08𝑦 = ( 𝑥+ 1.08)

2 − 0.72

𝑦 = ( 𝑥− 1.5 )2 + 1.5𝑦 = ( 𝑥+ 1.5 )2 + 1.13

𝑦 = ( 𝑥− 0.75)
2 − 1.13𝑦 = ( 𝑥+ 1.13)

2 − 0.75

𝑦 = ( 𝑥− 1.56)
2
+ 1.56𝑦 = ( 𝑥+ 1.56 )2 + 1.17

𝑦 = ( 𝑥− 0.78)
2 − 1.17𝑦 = ( 𝑥+ 1.17)

2 − 0.78

𝑦 = ( 𝑥− 1.61)
2
+ 1.61𝑦 = ( 𝑥+ 1.61 )2 + 1.21

𝑦 = ( 𝑥− 0.81)
2 − 1.21𝑦 = ( 𝑥+ 1.21)

2 − 0.81

𝑦 = ( 𝑥− 1.67)
2
+ 1.67𝑦 = ( 𝑥+ 1.67 )2 + 1.25

𝑦 = ( 𝑥− 0.83)
2 − 1.25𝑦 = ( 𝑥+ 1.25)

2 − 0.83

𝑦 = ( 𝑥− 1.72)
2
+ 1.72𝑦 = ( 𝑥+ 1.72 )2 + 1.29

𝑦 = ( 𝑥− 0.86)
2 − 1.29𝑦 = ( 𝑥+ 1.29)

2 − 0.86

𝑦 = ( 𝑥− 1.78)
2
+ 1.78𝑦 = ( 𝑥+ 1.78 )2 + 1.33

𝑦 = ( 𝑥− 0.89)
2 − 1.33𝑦 = ( 𝑥+ 1.33)

2 − 0.89

𝑦 = ( 𝑥− 1.83)
2
+ 1.83𝑦 = ( 𝑥+ 1.83 )2 + 1.38

𝑦 = ( 𝑥− 0.92)
2 − 1.38𝑦 = ( 𝑥+ 1.38)

2 − 0.92

𝑦 = ( 𝑥− 1.89)
2
+ 1.89𝑦 = ( 𝑥+ 1.89 )2 + 1.42

𝑦 = ( 𝑥− 0.94)
2 − 1.42𝑦 = ( 𝑥+ 1.42)

2 − 0.94

𝑦 = ( 𝑥− 1.94)
2
+ 1.94𝑦 = ( 𝑥+ 1.94 )2 + 1.46

𝑦 = ( 𝑥− 0.97)
2 − 1.46𝑦 = ( 𝑥+ 1.46)

2 − 0.97

𝑦 = ( 𝑥− 2.0 )2 + 2.0𝑦 = ( 𝑥+ 2.0 )2 + 1.5

𝑦 = ( 𝑥− 1.0 )2 − 1.5𝑦 = ( 𝑥+ 1.5 )
2 − 1.0

𝑦 = ( 𝑥− 2.06)
2
+ 2.06𝑦 = ( 𝑥+ 2.06 )2 + 1.54

𝑦 = ( 𝑥− 1.03)
2 − 1.54𝑦 = ( 𝑥+ 1.54)

2 − 1.03

𝑦 = ( 𝑥− 2.11)
2
+ 2.11𝑦 = ( 𝑥+ 2.11 )2 + 1.58

𝑦 = ( 𝑥− 1.06)
2 − 1.58𝑦 = ( 𝑥+ 1.58)

2 − 1.06

𝑦 = ( 𝑥− 2.17)
2
+ 2.17𝑦 = ( 𝑥+ 2.17 )2 + 1.63

𝑦 = ( 𝑥− 1.08)
2 − 1.63𝑦 = ( 𝑥+ 1.63)

2 − 1.08

𝑦 = ( 𝑥− 2.22)
2
+ 2.22𝑦 = ( 𝑥+ 2.22 )2 + 1.67

𝑦 = ( 𝑥− 1.11)
2 − 1.67𝑦 = ( 𝑥+ 1.67)

2 − 1.11

𝑦 = ( 𝑥− 2.28)
2
+ 2.28𝑦 = ( 𝑥+ 2.28 )2 + 1.71

𝑦 = ( 𝑥− 1.14)
2 − 1.71𝑦 = ( 𝑥+ 1.71)

2 − 1.14

𝑦 = ( 𝑥− 2.33)
2
+ 2.33𝑦 = ( 𝑥+ 2.33 )2 + 1.75

𝑦 = ( 𝑥− 1.17)
2 − 1.75𝑦 = ( 𝑥+ 1.75)

2 − 1.17

𝑦 = ( 𝑥− 2.39)
2
+ 2.39𝑦 = ( 𝑥+ 2.39 )2 + 1.79

𝑦 = ( 𝑥− 1.19)
2 − 1.79𝑦 = ( 𝑥+ 1.79)

2 − 1.19

𝑦 = ( 𝑥− 2.44)
2
+ 2.44𝑦 = ( 𝑥+ 2.44 )2 + 1.83

𝑦 = ( 𝑥− 1.22)
2 − 1.83𝑦 = ( 𝑥+ 1.83)

2 − 1.22

𝑦 = ( 𝑥− 2.5 )2 + 2.5𝑦 = ( 𝑥+ 2.5 )2 + 1.88

𝑦 = ( 𝑥− 1.25)
2 − 1.88𝑦 = ( 𝑥+ 1.88)

2 − 1.25

𝑦 = ( 𝑥− 2.56)
2
+ 2.56𝑦 = ( 𝑥+ 2.56 )2 + 1.92

𝑦 = ( 𝑥− 1.28)
2 − 1.92𝑦 = ( 𝑥+ 1.92)

2 − 1.28

𝑦 = ( 𝑥− 2.61)
2
+ 2.61𝑦 = ( 𝑥+ 2.61 )2 + 1.96

𝑦 = ( 𝑥− 1.31)
2 − 1.96𝑦 = ( 𝑥+ 1.96)

2 − 1.31

𝑦 = ( 𝑥− 2.67)
2
+ 2.67𝑦 = ( 𝑥+ 2.67 )2 + 2.0

𝑦 = ( 𝑥− 1.33)
2 − 2.0𝑦 = ( 𝑥+ 2.0 )

2 − 1.33

𝑦 = ( 𝑥− 2.72)
2
+ 2.72𝑦 = ( 𝑥+ 2.72 )2 + 2.04

𝑦 = ( 𝑥− 1.36)
2 − 2.04𝑦 = ( 𝑥+ 2.04)

2 − 1.36

𝑦 = ( 𝑥− 2.78)
2
+ 2.78𝑦 = ( 𝑥+ 2.78 )2 + 2.08

𝑦 = ( 𝑥− 1.39)
2 − 2.08𝑦 = ( 𝑥+ 2.08)

2 − 1.39

𝑦 = ( 𝑥− 2.83)
2
+ 2.83𝑦 = ( 𝑥+ 2.83 )2 + 2.13

𝑦 = ( 𝑥− 1.42)
2 − 2.13𝑦 = ( 𝑥+ 2.13)

2 − 1.42

𝑦 = ( 𝑥− 2.89)
2
+ 2.89𝑦 = ( 𝑥+ 2.89 )2 + 2.17

𝑦 = ( 𝑥− 1.44)
2 − 2.17𝑦 = ( 𝑥+ 2.17)

2 − 1.44

𝑦 = ( 𝑥− 2.94)
2
+ 2.94𝑦 = ( 𝑥+ 2.94 )2 + 2.21

𝑦 = ( 𝑥− 1.47)
2 − 2.21𝑦 = ( 𝑥+ 2.21)

2 − 1.47

𝑦 = ( 𝑥− 3.0 )2 + 3.0𝑦 = ( 𝑥+ 3.0 )2 + 2.25

𝑦 = ( 𝑥− 1.5 )2 − 2.25𝑦 = ( 𝑥+ 2.25)
2 − 1.5

𝑦 = ( 𝑥− 3.06)
2
+ 3.06𝑦 = ( 𝑥+ 3.06 )2 + 2.29

𝑦 = ( 𝑥− 1.53)
2 − 2.29𝑦 = ( 𝑥+ 2.29)

2 − 1.53

𝑦 = ( 𝑥− 3.11)
2
+ 3.11𝑦 = ( 𝑥+ 3.11 )2 + 2.33

𝑦 = ( 𝑥− 1.56)
2 − 2.33𝑦 = ( 𝑥+ 2.33)

2 − 1.56

𝑦 = ( 𝑥− 3.17)
2
+ 3.17𝑦 = ( 𝑥+ 3.17 )2 + 2.38

𝑦 = ( 𝑥− 1.58)
2 − 2.38𝑦 = ( 𝑥+ 2.38)

2 − 1.58

𝑦 = ( 𝑥− 3.22)
2
+ 3.22𝑦 = ( 𝑥+ 3.22 )2 + 2.42

𝑦 = ( 𝑥− 1.61)
2 − 2.42𝑦 = ( 𝑥+ 2.42)

2 − 1.61

𝑦 = ( 𝑥− 3.28)
2
+ 3.28𝑦 = ( 𝑥+ 3.28 )2 + 2.46

𝑦 = ( 𝑥− 1.64)
2 − 2.46𝑦 = ( 𝑥+ 2.46)

2 − 1.64

𝑦 = ( 𝑥− 3.33)
2
+ 3.33𝑦 = ( 𝑥+ 3.33 )2 + 2.5

𝑦 = ( 𝑥− 1.67)
2 − 2.5𝑦 = ( 𝑥+ 2.5 )

2 − 1.67

𝑦 = ( 𝑥− 3.39)
2
+ 3.39𝑦 = ( 𝑥+ 3.39 )2 + 2.54

𝑦 = ( 𝑥− 1.69)
2 − 2.54𝑦 = ( 𝑥+ 2.54)

2 − 1.69

𝑦 = ( 𝑥− 3.44)
2
+ 3.44𝑦 = ( 𝑥+ 3.44 )2 + 2.58

𝑦 = ( 𝑥− 1.72)
2 − 2.58𝑦 = ( 𝑥+ 2.58)

2 − 1.72

𝑦 = ( 𝑥− 3.5 )2 + 3.5𝑦 = ( 𝑥+ 3.5 )2 + 2.63

𝑦 = ( 𝑥− 1.75)
2 − 2.63𝑦 = ( 𝑥+ 2.63)

2 − 1.75

𝑦 = ( 𝑥− 3.56)
2
+ 3.56𝑦 = ( 𝑥+ 3.56 )2 + 2.67

𝑦 = ( 𝑥− 1.78)
2 − 2.67𝑦 = ( 𝑥+ 2.67)

2 − 1.78

𝑦 = ( 𝑥− 3.61)
2
+ 3.61𝑦 = ( 𝑥+ 3.61 )2 + 2.71

𝑦 = ( 𝑥− 1.81)
2 − 2.71𝑦 = ( 𝑥+ 2.71)

2 − 1.81

𝑦 = ( 𝑥− 3.67)
2
+ 3.67𝑦 = ( 𝑥+ 3.67 )2 + 2.75

𝑦 = ( 𝑥− 1.83)
2 − 2.75𝑦 = ( 𝑥+ 2.75)

2 − 1.83

𝑦 = ( 𝑥− 3.72)
2
+ 3.72𝑦 = ( 𝑥+ 3.72 )2 + 2.79

𝑦 = ( 𝑥− 1.86)
2 − 2.79𝑦 = ( 𝑥+ 2.79)

2 − 1.86

𝑦 = ( 𝑥− 3.78)
2
+ 3.78𝑦 = ( 𝑥+ 3.78 )2 + 2.83

𝑦 = ( 𝑥− 1.89)
2 − 2.83𝑦 = ( 𝑥+ 2.83)

2 − 1.89

𝑦 = ( 𝑥− 3.83)
2
+ 3.83𝑦 = ( 𝑥+ 3.83 )2 + 2.88

𝑦 = ( 𝑥− 1.92)
2 − 2.88𝑦 = ( 𝑥+ 2.88)

2 − 1.92

𝑦 = ( 𝑥− 3.89)
2
+ 3.89𝑦 = ( 𝑥+ 3.89 )2 + 2.92

𝑦 = ( 𝑥− 1.94)
2 − 2.92𝑦 = ( 𝑥+ 2.92)

2 − 1.94

𝑦 = ( 𝑥− 3.94)
2
+ 3.94𝑦 = ( 𝑥+ 3.94 )2 + 2.96

𝑦 = ( 𝑥− 1.97)
2 − 2.96𝑦 = ( 𝑥+ 2.96)

2 − 1.97

𝑦 = ( 𝑥− 4.0 )2 + 4.0𝑦 = ( 𝑥+ 4.0 )2 + 3.0

𝑦 = ( 𝑥− 2.0 )2 − 3.0𝑦 = ( 𝑥+ 3.0 )
2 − 2.0

    ▲ ◀ ▶ ▼   ■
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3.1.4. Vertical Scaling

Let 𝑓 be a function with domain 𝐷(𝑓) and range 𝑅(𝑓).

To stretch the graph of 𝑦 = 𝑓(𝑥) vertically multiply 𝑓(𝑥) by a positive constant 𝑐 > 1.

To compress the graph of 𝑦 = 𝑓(𝑥) vertically multiply 𝑓(𝑥) by a positive constant
1

𝑐
, 𝑐 > 1.

For example, the function 𝑦 =
√
𝑥+ 1 has 𝐷(

√
𝑥+ 1) = [0,∞) and 𝑅(

√
𝑥+ 1) = [1,∞)

To stretch the graph of 𝑦 =
√
𝑥 + 1 vertically multiply 𝑓(𝑥) by a positive constant 𝑐 > 1

and the formula 𝑦 =
√
𝑥+ 1 to become 𝑦 = 𝑐[

√
𝑥+ 1].

?

Similarly, compress the graph of 𝑦 =
√
𝑥+1 vertically multiply 𝑓(𝑥) by a positive constant

1

𝑐
, 𝑐 > 1 and the formula 𝑦 =

√
𝑥+ 1 to become 𝑦 =

1

𝑐
[
√
𝑥+ 1].

?

Note that the domain will not change and the range will change

𝑅(𝑐[
√
𝑥+ 1]) = [𝑐,∞) = 𝑐[1,∞) = 𝑐𝑅(

√
𝑥+ 1) and

𝑅(
1

𝑐
[
√
𝑥+ 1]) = [

1

𝑐
,∞) =

1

𝑐
[1,∞) =

1

𝑐
𝑅(

√
𝑥+ 1)

    ▲ ◀ ▶ ▼   ■

1

2

3

4

5

6

-1

1 2 3-1

y

x

y =
√

x + 1

y = 2[
√

x + 1]

1

2

3

4

-1

1 2 3-1

y

x

y = 1
2
[
√

x + 2]

y =
√

x + 2
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The table below shows the effect of vertical scaling on the graph of 𝑦 = 𝑓(𝑥)

Operation on 𝑦 = 𝑓(𝑥) Multiply 𝑓(𝑥) by Multiply 𝑓(𝑥) by

constant 𝑐 > 1 constant
1

𝑐
, 𝑐 > 1

New equation(function) 𝑦 = 𝑐𝑓(𝑥) 𝑦 =
1

𝑐
𝑓(𝑥)

Geometric effect stretch the graph of 𝑦 = 𝑓(𝑥) compress the graph of 𝑦 = 𝑓(𝑥)
vertically by a factor of 𝑐 vertically by a factor of 𝑐

Domain of new function 𝐷(𝑐𝑓(𝑥)) = 𝐷(𝑓) 𝐷(
1

𝑐
𝑓(𝑥)) = 𝐷(𝑓)

Range of new function 𝑅(𝑐𝑓(𝑥)) = 𝑐𝑅(𝑓) 𝑅(
1

𝑐
𝑓(𝑥)) =

1

𝑐
𝑅(𝑓)

Example

1

2

3

4

5

6

-1

1 2 3-1

y

x

y =
√

x + 1

y = 2[
√

x + 1]

1

2

3

4

-1

1 2 3-1

y

x

y = 1
2
[
√

x + 2]

y =
√

x + 2

    ▲ ◀ ▶ ▼   ■
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3.1.5. Horizontal Scaling

Let 𝑓 be a function with domain 𝐷(𝑓) and range 𝑅(𝑓).

To stretch the graph of 𝑦 = 𝑓(𝑥) horizontally multiply 𝑥 by a positive constant
1

𝑐
, 𝑐 > 1.

To compress the graph of 𝑦 = 𝑓(𝑥) horizontally multiply 𝑥 by a positive constant 𝑐 > 1.

For example, the function 𝑦 =
√
𝑥− 1 has 𝐷(

√
𝑥− 1) = [1,∞) and 𝑅(

√
𝑥− 1) = [0,∞)

To stretch the graph of 𝑦 =
√
𝑥− 1 horizontally multiply 𝑥 by a positive constant

1

𝑐
, 𝑐 > 1.

and the formula 𝑦 =
√
𝑥− 1 to become 𝑦 =

√
𝑥

𝑐
− 1.

?

Similarly, compress the graph of 𝑦 =
√
𝑥− 1 horizontally multiply 𝑥 by a positive constant

𝑐 > 1 and the formula 𝑦 =
√
𝑥− 1 to become 𝑦 =

√
𝑐𝑥− 1.

?

Note that the range will not change and the domain will change

𝐷(

√
𝑥

𝑐
− 1) = [𝑐,∞) = 𝑐[1,∞) = 𝑐𝐷(

√
𝑥− 1) and

𝐷(
√
𝑐𝑥− 1) = [

1

𝑐
,∞) =

1

𝑐
[1,∞) =

1

𝑐
𝐷(

√
𝑥− 1)

    ▲ ◀ ▶ ▼   ■

1

2

-1
1 2 3 4 5 6 7 8-1

y

x

y =
√

x − 1
y =

√
x
2
− 1

1

2

-1

1 2 3 4 5-1

y

x

y =
√

x − 1

y =
√

2x − 1
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The table below shows the effect of horizontal scaling on the graph of 𝑦 = 𝑓(𝑥)

Operation on 𝑦 = 𝑓(𝑥) Replace 𝑥 by Replace 𝑥 by
𝑥

𝑐
, 𝑐 > 1 𝑐𝑥, 𝑐 > 1

New equation(function) 𝑦 = 𝑓(
𝑥

𝑐
) 𝑦 = 𝑓(𝑐𝑥)

Geometric effect stretch the graph of 𝑦 = 𝑓(𝑥) compress the graph of 𝑦 = 𝑓(𝑥)
horizontally by a factor of 𝑐 horizontally by a factor of 𝑐

Domain of new function 𝐷(𝑓(
𝑥

𝑐
)) = 𝑐𝐷(𝑓) 𝐷(𝑓(𝑐𝑥)) =

1

𝑐
𝐷(𝑓)

Range of new function 𝑅(𝑓(
𝑥

𝑐
)) = 𝑅(𝑓) 𝑅(𝑓(𝑐𝑥)) = 𝑅(𝑓)

Example

1

2

-1
1 2 3 4 5 6 7 8-1

y

x

y =
√

x − 1
y =

√
x
2
− 1

1

2

-1

1 2 3 4 5-1

y

x

y =
√

x − 1

y =
√

2x − 1

    ▲ ◀ ▶ ▼   ■
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3.1.6. Reflections

Let 𝑓 be a function with domain 𝐷(𝑓) and range 𝑅(𝑓).

To reflect the graph of 𝑦 = 𝑓(𝑥) about 𝑥−axis multiply 𝑓(𝑥) by −1.

To reflect the graph of 𝑦 = 𝑓(𝑥) about 𝑦−axis replace 𝑥 by −𝑥.

For example, the function 𝑦 =
√
𝑥− 1 has 𝐷(

√
𝑥− 1) = [1,∞) and 𝑅(

√
𝑥− 1) = [0,∞)

To reflect the graph of 𝑦 =
√
𝑥− 1 about 𝑥−axis multiply 𝑓(𝑥) by −1 and the formula

𝑦 =
√
𝑥− 1 to become 𝑦 = −√

𝑥− 1.
?

Note that the domain will not change and the range will change

𝑅(−√
𝑥− 1) = (−∞, 0] = −1 ⋅ [0,∞) = −1 ⋅ 𝑅(

√
𝑥− 1).

Similarly, reflect the graph of 𝑦 =
√
𝑥− 1 about 𝑦−axis replace 𝑥 by −𝑥. and the formula

𝑦 =
√
𝑥− 1 to become 𝑦 =

√−𝑥− 1.
?

Note that the range will not change and the domain will change

𝐷(
√−𝑥− 1) = (−∞,−1] = −1 ⋅ [1,∞) = −1 ⋅𝐷(

√
𝑥− 1) and

    ▲ ◀ ▶ ▼   ■

1

2

-1

-2

-3

1 2 3 4 5-1

y

x

y =
√

x − 1

y = −√
x − 1

1

2

-1
1 2 3 4 5-1-2-3-4-5-6

y

x

y =
√

x − 1y =
√−x − 1
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The table below shows the effect of reflections on the graph of 𝑦 = 𝑓(𝑥)

Operation on 𝑦 = 𝑓(𝑥) replace 𝑥 Multiply 𝑓(𝑥)
by −𝑥 by −1

New equation(function) 𝑦 = 𝑓(−𝑥) 𝑦 = −𝑓(𝑥)
Geometric effect reflect the graph of 𝑦 = 𝑓(𝑥) reflect the graph of 𝑦 = 𝑓(𝑥)

about 𝑦− axis about 𝑥− axis
Domain of new function 𝐷(𝑓(−𝑥)) = −1 ⋅𝐷(𝑓) 𝐷(−𝑓(𝑥)) = 𝐷(𝑓)
Range of new function 𝑅(𝑓(−𝑥)) = 𝑅(𝑓) 𝑅(−𝑓(𝑥)) = −1 ⋅ 𝑅(𝑓)

Example

1

2

-1
1 2 3 4 5-1-2-3-4-5-6

y

x

y =
√

x − 1y =
√−x − 1

1

2

-1

-2

-3

1 2 3 4 5-1

y

x

y =
√

x − 1

y = −√
x − 1

    ▲ ◀ ▶ ▼   ■
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Example 1.
The graph to the right showed
the graph of 𝑦 = 𝑥3 shifted to
a new position. Write a formula
for the new position.

Solution: We see that the graph
of 𝑦 = 𝑥3 shifted to the right 1
(𝑥− 1)unit and up 1 unit. Hence
𝑦 = (𝑥− 1)3 + 1. □

1

2

-1

-2

-3

1 2-1-2-3

𝑦

𝑥

    ▲ ◀ ▶ ▼   ■
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Example 2. Write an equation for the graph of 𝑦 =
√
𝑥+ 1 If it shifted scaled or reflected

as follows

1. 2 units left and 3 units up 2. compress vertically by factor of 2

3. stretch vertically by factor 3 4. compress horizontally by factor of 2

5. stretch horizontally by factor 2 6. reflected about the 𝑥−axis

7. reflected about the 𝑦−axis

Solution:

1. 𝑦 =
√
(𝑥+ 2) + 1 + 3 =

√
𝑥+ 3 + 3 2. 𝑦 =

1

2

√
𝑥+ 1

3. 𝑦 = 3
√
𝑥+ 1 4. 𝑦 =

√
2𝑥+ 1

5. 𝑦 =

√
𝑥

2
+ 1 6. 𝑦 = −√

𝑥+ 1

7. 𝑦 =
√−𝑥+ 1

□

    ▲ ◀ ▶ ▼   ■
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Example 3.
The graph to the right showed the graph of
𝑦 = 𝑓(𝑥) If 𝐷(𝑓) = [0, 2] and 𝑅(𝑓) = [0, 1].
Find the domain and the range of

1. 𝑦 = 𝑓(𝑥) + 1 2. 𝑦 = 𝑓(𝑥− 1)

3. 𝑦 = 2𝑓(𝑥) 4. 𝑦 =
1

2
𝑓(𝑥)

1

-1

-2

1 2-1

𝑦

𝑥

Solution:

1.𝐷(𝑓(𝑥) + 1) = 𝐷(𝑓(𝑥)) = [0, 2], 𝑅(𝑦 = (𝑓(𝑥) + 1)) = 1 +𝑅(𝑓(𝑥)) = 1 + [0, 1] = [1, 2]

2.𝐷(𝑦 = 𝑓(𝑥 − 1)) = 1 +𝐷(𝑓(𝑥)) = 1 + [0, 2] = [1, 3], 𝑅(𝑓(𝑥 − 1)) = 𝑅(𝑓(𝑥)) = [0, 1]

3.𝐷(𝑦 = 2𝑓(𝑥)) = 𝐷(𝑓(𝑥)) = [0, 2], 𝑅(𝑦 = 2𝑓(𝑥)) = 2𝑅(𝑓(𝑥)) = 2[0, 1] = [0, 2]

4.𝐷(𝑦 =
1

2
𝑓(𝑥)) = 𝐷(𝑓(𝑥)) = [0, 2], 𝑅(𝑦 =

1

2
𝑓(𝑥)) =

1

2
𝑅(𝑓(𝑥)) =

1

2
[0, 1] = [0, 1/2]

□

    ▲ ◀ ▶ ▼   ■
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Example 4.
The graph to the right showed the graph of
𝑦 = 𝑓(𝑥) If 𝐷(𝑓) = [0, 2] and 𝑅(𝑓) = [0, 1].
Find the domain and the range of

1. 𝑦 = 𝑓(2𝑥) 2. 𝑦 = 𝑓(
𝑥

3
)

3. 𝑦 = −𝑓(𝑥) 4. 𝑦 = 𝑓(−𝑥)

1

-1

-2

1 2-1

𝑦

𝑥

Solution:

1.𝐷(𝑦 = 𝑓(2𝑥)) =
1

2
𝐷(𝑓(𝑥)) = 1/2[0, 2] = [0, 1], 𝑅(𝑦 = 𝑓(2𝑥)) = 𝑅(𝑓(𝑥)) = [0, 1]

2.𝐷(𝑦 = 𝑓(
𝑥

3
)) = 3𝐷(𝑓(𝑥)) = 3[0, 2] = [0, 6], 𝑅(𝑦 = 𝑓(

𝑥

3
)) = 𝑅(𝑓(𝑥)) = [0, 1]

3.𝐷(𝑦 = −𝑓(𝑥)) = 𝐷(𝑓(𝑥)) = [0, 2], 𝑅(𝑦 = −𝑓(𝑥)) = −𝑅(𝑓(𝑥)) = −[0, 1] = [−1, 0]
4.𝐷(𝑦 = 𝑓(−𝑥)) = −𝐷(𝑓(𝑥)) = −[0, 2] = [−2, 0], 𝑅(𝑦 = 𝑓(−𝑥)) = 𝑅(𝑓(𝑥)) = [0, 1]

□

    ▲ ◀ ▶ ▼   ■
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3.2. Combinations of Functions

Definition 3.1: [The Sum, Difference, Product, and Quotient of two functions]
Let 𝑓 and 𝑔 be functions with domains 𝐷(𝑓) and 𝐷(𝑔). Then the functions 𝑓 + 𝑔, 𝑓 − 𝑔, 𝑓𝑔,

and
𝑓

𝑔
are defined as follows:

Name Notation Definition Domain
Sum: 𝑓 + 𝑔 (𝑓 + 𝑔)(𝑥) = 𝑓(𝑥) + 𝑔(𝑥) 𝐷(𝑓) ∩𝐷(𝑔)

Difference: 𝑓 − 𝑔 (𝑓 − 𝑔)(𝑥) = 𝑓(𝑥)− 𝑔(𝑥) 𝐷(𝑓) ∩𝐷(𝑔)
Product: 𝑓𝑔 (𝑓𝑔)(𝑥) = 𝑓(𝑥)𝑔(𝑥) 𝐷(𝑓) ∩𝐷(𝑔)

Quotient:
𝑓

𝑔

(
𝑓

𝑔

)
(𝑥) =

𝑓(𝑥)

𝑔(𝑥)
(𝐷(𝑓) ∩𝐷(𝑔)) ∖ {𝑥 : 𝑔(𝑥) = 0}

    ▲ ◀ ▶ ▼   ■
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Example 5. Let 𝑓(𝑥) = 𝑥2 + 1 and 𝑔(𝑥) =
√
2𝑥− 4. Find 𝑓 + 𝑔, 𝑓 − 𝑔, 𝑓𝑔, 𝑓/𝑔, and their

domains.

Solution: Since 𝑓(𝑥) = 𝑥2 + 1 is a polynomial,then 𝐷(𝑓) = ℝ. Also, since 𝑔(𝑥) =
√
2𝑥− 4

is an even root function, then to find the domain we solve the inequality

2𝑥− 4 ≥ 0 ⇔ 2𝑥 ≥ 4 ⇔ 𝑥 ≥ 2.

Hence 𝐷(𝑔) = [2,∞). Now, 𝐷(𝑓) ∩𝐷(𝑔) = ℝ ∩ [2,∞) = [2,∞).

(𝑓 + 𝑔)(𝑥) = 𝑓(𝑥) + 𝑔(𝑥) By definition

= 𝑥2 + 1 +
√
2𝑥− 4 With 𝐷(𝑓 + 𝑔) = [2,∞),

(𝑓 − 𝑔)(𝑥) = 𝑓(𝑥)− 𝑔(𝑥) By definition

= 𝑥2 + 1−√
2𝑥− 4 With 𝐷(𝑓 − 𝑔) = [2,∞),

(𝑓𝑔)(𝑥) = 𝑓(𝑥)𝑔(𝑥) By definition

= (𝑥2 + 1)
√
2𝑥− 4 With 𝐷(𝑓𝑔) = [2,∞),(

𝑓

𝑔

)
(𝑥) =

𝑓(𝑥)

𝑔(𝑥)
By definition

=
𝑥2 + 1√
2𝑥− 4

With 𝐷(𝑓 + 𝑔) = [2,∞) ∖ {𝑥 : 2𝑥− 4 = 0},
With 𝐷(𝑓 + 𝑔) = [2,∞) ∖ {2} = (2,∞).

□

    ▲ ◀ ▶ ▼   ■
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Example 6. Let 𝑓(𝑥) = 𝑥 +
√
𝑥2 − 1, 𝑔(𝑥) =

2𝑥
√
4− 𝑥2

𝑥+ 1
and ℎ(𝑥) =

√
2𝑥− 1

4
√
𝑥2 − 5𝑥+ 6

. Find

the domain of 𝑓, 𝑔 and ℎ.

Solution:

∙ Notice that 𝑓(𝑥) = 𝑥+
√
𝑥2 − 1 is the sum of 𝑥 and

√
𝑥2 − 1, then

𝐷(𝑓) = 𝐷(𝑥)
? ∩𝐷(

√
𝑥2 − 1)

?
= ℝ ∩ (−∞− 1] ∪ [1,∞) = (−∞− 1] ∪ [1,∞).

∙ Notice that 𝑔(𝑥) =
2𝑥

√
4− 𝑥2

𝑥+ 1
=

2𝑥

𝑥+ 1
⋅
√

4− 𝑥2 is the product of
2𝑥

𝑥+ 1
and

√
4− 𝑥2,

then

𝐷(𝑔) = 𝐷(
2𝑥

𝑥 + 1
)

? ∩𝐷(
√
4− 𝑥2)

?
= (−∞,−1)∪(−1,∞)∩[−2, 2] = [−2,−1)∪(−1, 2].

∙ Notice that ℎ(𝑥) =

√
2𝑥− 1

4
√
𝑥2 − 5𝑥+ 6

is the quotient of
√
2𝑥− 1 and

4
√
𝑥2 − 5𝑥+ 6, then

𝐷(ℎ) = 𝐷(
√
2𝑥− 1)

? ∩𝐷(
4
√

𝑥2 − 5𝑥+ 6)
? ∖ {𝑥 : 𝑥2 − 5𝑥+ 6 = 0}

= [1/2,∞) ∩ (−∞, 2] ∪ [3,∞) ∖ {2, 3}
= [3,∞) ∖ {2, 3} = (3,∞).

□

    ▲ ◀ ▶ ▼   ■

The function 𝑥 is a polynomial, hence

𝐷(𝑥) = ℝ.

The function
√
𝑥2 − 1 is an even root func-

tion, hence

𝑥2 − 1 ≥ 0 ⇔𝑥2 ≥ 1 move 1 to the other side

⇔
√
𝑥2 ≥ 1 take the square root

⇔∣𝑥∣ ≥ 1
√
𝑥2 = ∣𝑥∣ use properties of

⇔𝑥 ≥ 1 or 𝑥 ≤ −1 absolute value inequality

Hence 𝐷(
√
𝑥2 − 1) = (−∞,−1] ∪ [1,∞).

The function
2𝑥

𝑥+ 1
is a rational, hence find

the zeros of the bottom,
𝑥+ 1 = 0, 𝑥 = −1. Hence

𝐷(
2𝑥

𝑥+ 1
) = ℝ ∖ {−1} = (−∞,−1)∪ (−1,∞).

The function
√
4− 𝑥2 is an even root func-

tion, hence

4− 𝑥2 ≥ 0 ⇔4 ≥ 𝑥2 move 𝑥2 to the other side

⇔𝑥2 ≤ 4 rewrite the inequality

⇔
√
𝑥2 ≤ 2 take the square root

⇔∣𝑥∣ ≤ 2
√
𝑥2 = ∣𝑥∣ use properties of

⇔− 2 ≤ 𝑥 ≤ 2 absolute value inequality

Hence 𝐷(
√
4− 𝑥2) = [−2, 2].

The function
√
2𝑥− 1 is an even root function,

hence

2𝑥− 1 ≥ 0 ⇔ 2𝑥 ≥ 1 ⇔ 𝑥 ≥ 1

2

Hence 𝐷(
√
2𝑥− 1) = [1/2,∞).

The function
4
√
𝑥2 − 5𝑥+ 6 is an even root function, hence

𝑥2 − 5𝑥+ 6 ≥ 0 ⇔𝑥2 − 5𝑥 ≥ −6 move 6 to the other side

⇔𝑥2 − 5𝑥 ≥ −6 complete the square we have 𝑏 = −5

⇔𝑥2 − 5𝑥+

(−5

2

)2

≥ −6 +

(−5

2

)2

we add

(
𝑏

2

)2

to both sides

⇔𝑥2 − 5𝑥+
25

4
≥ −6 +

25

4
simplify

⇔(𝑥− 5

2
)2 ≥ 1

4
take the square root for both sides

⇔∣𝑥− 5

2
∣ ≥ 1

2

√
𝑥2 = ∣𝑥∣ use properties of

⇔𝑥− 5

2
≥ 1

2
or 𝑥− 5

2
≤ −1

2
absolute value inequality

⇔𝑥 ≥ 1

2
+

5

2
or 𝑥 ≤ −1

2
+

5

2

⇔𝑥 ≥ 6

2
or 𝑥 ≤ 4

2

⇔𝑥 ≥ 3 or 𝑥 ≤ 2

Hence 𝐷(
4
√

𝑥2 − 5𝑥+ 6) = (−∞, 2] ∪ [3,∞).
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Example 7. Let 𝑓(𝑥) =

√
𝑥√

𝑥− 1
. Find the domain of 𝑓.

Solution: Notice that 𝑓(𝑥) =

√
𝑥√

𝑥− 1
is the quotient of

√
𝑥 and

√
𝑥− 1, then

𝐷(ℎ) = 𝐷(
√
𝑥) ∩𝐷(

√
𝑥− 1) ∖ {𝑥 : 𝑥− 1 = 0}

= [0,∞) ∩ [1,∞) ∖ {1}
= [1,∞) ∖ {1} = (1,∞).

1

2

3

−1
1 2 3 4 5−1−2−3−4

𝑥

𝑦
𝑦 =

√
𝑥√

𝑥− 1

□

    ▲ ◀ ▶ ▼   ■
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3.3. The Composition of Functions

Definition 3.2: [Composition of two functions]
The composition of two functions 𝑓 and 𝑔, written 𝑓 ∘ 𝑔, is defined by (𝑓 ∘ 𝑔)(𝑥) = 𝑓(𝑔(𝑥))
for all 𝑥 such that 𝑥 is in the domain of 𝑔 and 𝑔(𝑥) is in the domain of 𝑓.

Note 1: 𝐷(𝑓 ∘ 𝑔) = {𝑥 : 𝑥 ∈ 𝐷(𝑔) and 𝑔(𝑥) ∈ 𝐷(𝑓)} = 𝐷(𝑔) ∩𝐷(𝑓(𝑔(𝑥))).

Example 8. If 𝑓(𝑥) = 𝑥2 and 𝑔(𝑥) =
√
𝑥− 4. Find the domain of the following:𝑓 ∘ 𝑔, and

𝑔 ∘ 𝑓.
Solution:

1. We have (𝑓 ∘ 𝑔)(𝑥) = 𝑓(𝑔(𝑥)) = 𝑓(
√
𝑥− 4) = (

√
𝑥− 4)2 = 𝑥− 4. 𝐷(𝑔) = [4,∞)

?
and

𝐷(𝑓(𝑔(𝑥))) = 𝐷(𝑥) = ℝ.
Hence 𝐷(𝑓 ∘ 𝑔) = 𝐷(𝑔(𝑥)) ∩𝐷(𝑓(𝑔(𝑥))) = ℝ ∩ [4,∞) = [4,∞).

2. We have (𝑔 ∘ 𝑓)(𝑥) = 𝑔(𝑓(𝑥)) = 𝑔(𝑥2) =
√
𝑥2 − 4, 𝐷(𝑓) = ℝ, and 𝐷(𝑔(𝑓(𝑥))) =

𝐷(
√
𝑥2 − 4) = (−∞,−2] ∪ [2,∞).

?

Hence 𝐷(𝑔 ∘ 𝑓) = 𝐷(𝑓(𝑥))∩𝐷(𝑔(𝑓(𝑥))) = (−∞,−2]∪ [2,∞)∩ℝ = (−∞,−2]∪ [2,∞).

□

    ▲ ◀ ▶ ▼   ■

The function 𝑔(𝑥) =
√
𝑥− 4 is an even root

function, hence

𝑥− 4 ≥ 0 ⇔ 𝑥 ≥ 4

Hence 𝐷(𝑔(𝑥)) = [4,∞).

The function
√
𝑥2 − 4 is an even root func-

tion, hence

𝑥2 − 4 ≥ 0 ⇔𝑥2 ≥ 4 move 4 to the other side

⇔
√
𝑥2 ≥ 4 take the square root

⇔∣𝑥∣ ≥ 2
√
𝑥2 = ∣𝑥∣ use properties of

⇔𝑥 ≥ 2 or 𝑥 ≤ −2 absolute value inequality

Hence 𝐷(
√
𝑥2 − 1) = (−∞,−2] ∪ [2,∞).
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Example 9. If 𝑓(𝑥) =
√
𝑥 and 𝑔(𝑥) =

√
1− 𝑥. Find the domain of the following:𝑓 ∘ 𝑔, and

𝑔 ∘ 𝑓.
Solution:

1. We have (𝑓 ∘ 𝑔)(𝑥) = 𝑓(𝑔(𝑥)) = 𝑓(
√
1− 𝑥) =

√√
1− 𝑥 = 4

√
1− 𝑥. 𝐷(𝑔) = (−∞, 1]

?

and 𝐷( 4
√
1− 𝑥) = (−∞, 1].

?

Hence 𝐷(𝑓 ∘ 𝑔) = 𝐷(𝑔(𝑥)) ∩𝐷(𝑓(𝑔(𝑥))) = (−∞, 1].

2. We have (𝑔 ∘ 𝑓)(𝑥) = 𝑔(𝑓(𝑥)) = 𝑔(
√
𝑥) =

√
1−√

𝑥, and 𝐷(𝑓) = [0,∞).
?

To find

𝐷(

√
1−√

𝑥) we have two conditions 𝑥 ≥ 0 and 1−√
𝑥 ≥ 0

1−√
𝑥 ≥ 0 ⇔1 ≥ √

𝑥 move
√
𝑥 to the other side

⇔√
𝑥 ≤ 1 rewrite the inequality

⇔(
√
𝑥)2 ≤ 12 square both sides

⇔𝑥 ≤ 1 and since we have 0 ≤ 𝑥,

⇔0 ≤ 𝑥 ≤ 1

Hence 𝐷(

√
1−√

𝑥) = [0, 1]

Hence 𝐷(𝑔 ∘ 𝑓) = 𝐷(𝑓(𝑥)) ∩𝐷(𝑔(𝑓(𝑥))) = [0, 1] ∩ [0,∞) = [0, 1].

□

    ▲ ◀ ▶ ▼   ■

The function 𝑔(𝑥) =
√
1− 𝑥 and 4

√
1− 𝑥 are

even root functions, hence they are define if

1− 𝑥 ≥ 0 ⇔ 1 ≥ 𝑥 ⇔ 𝑥 ≤ 1.

Hence 𝐷(𝑔(𝑥)) = 𝐷( 4
√
1− 𝑥) = (−∞, 1].

The function 𝑓(𝑥) =
√
𝑥 is an even root

functions, hence it is define if 𝑥 ≥ 0. Hence
𝐷(𝑓(𝑥)) = [0,∞).
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