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2. The Limit of A Function

2.1. Limit

Now, let us consider the behavior of the function f

defined by f(x) =
x2 − 4

x− 2
for values of x near 2. f

is a rational function so, its domain is the set of all
real numbers except the zeroes of the denominator.
x− 2 = 0 ⇒ x = 2.
Hence D(f) = R \ {2} = (−∞, 2) ∪ (2,∞).
Therefore f is NOT defined at 2. Note that we are
checking the behavior of the function near a point
not in the domain. So we can talk about the limit
near a point that not in the domain of the function
we need only the function to be defined near that
point.
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f(x)

f(x)

The graph of y =
x2 − 4

x− 2
The graph of y =

x2 − 4

x− 2
The graph of y =

x2 − 4

x− 2
The graph of y =

x2 − 4

x− 2
The graph of y =

x2 − 4

x− 2
The graph of y =

x2 − 4

x− 2

Note that we are checking the behav-
ior of the function near a point not
in the domain. So we can talk about
the limit near a point that not in the
domain of the function we need only
the function to be defined near that
point

x = 1.5 and x = 2.5
The following table gives values of
f(x) for values of x close to 2 but
not equal to 2.

x < 2 f(x) x > 2 f(x)
1.5 3.5 2.5 4.5

x = 1.6 and x = 2.4
The following table gives values of
f(x) for values of x close to 2 but
not equal to 2.

x < 2 f(x) x > 2 f(x)
1.5 3.5 2.5 4.5
1.6 3.6 2.4 4.4

x = 1.7 and x = 2.3
The following table gives values of
f(x) for values of x close to 2 but
not equal to 2.

x < 2 f(x) x > 2 f(x)
1.5 3.5 2.5 4.5
1.6 3.6 2.4 4.4
1.7 3.7 2.3 4.3

x = 1.8 and x = 2.2
The following table gives values of
f(x) for values of x close to 2 but
not equal to 2.

x < 2 f(x) x > 2 f(x)
1.5 3.5 2.5 4.5
1.6 3.6 2.4 4.4
1.7 3.7 2.3 4.3
1.8 3.8 2.2 4.2

x = 1.9 and x = 2.1
The following table gives values of
f(x) for values of x close to 2 but
not equal to 2.

x < 2 f(x) x > 2 f(x)
1.5 3.5 2.5 4.5
1.6 3.6 2.4 4.4
1.7 3.7 2.3 4.3
1.8 3.8 2.2 4.2
1.9 3.9 2.1 4.1
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From the table and the graph of
f shown in Figure you can see
that when x is close to 2 (on ei-
ther side of 2), f(x) is close to
4. In fact, it appears that we
can make the values of f(x) as
close as we like to 4 by taking
x sufficiently close 2. We express
this by saying ”the limit of the

function f(x) =
x2 − 4

x− 2
as x ap-

proaches 2 is equal to 4.” The no-
tation for this is

lim
x→2

x2 − 4

x− 2
= 4.
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f(x) =
x2 − 4

x− 2

�

�

x < 2 →: 0.0 f(x) →: 2.0

x > 2 →:4.0 f(x) →: 6.0

�

�

x < 2 →: 0.03 f(x) →: 2.03

x > 2 →:3.97 f(x) →: 5.97

�

�

x < 2 →: 0.06 f(x) →: 2.06

x > 2 →:3.94 f(x) →: 5.94

�

�

x < 2 →: 0.08 f(x) →: 2.08

x > 2 →:3.92 f(x) →: 5.92

�

�

x < 2 →: 0.11 f(x) →: 2.11

x > 2 →:3.89 f(x) →: 5.89

�

�

x < 2 →: 0.14 f(x) →: 2.14

x > 2 →:3.86 f(x) →: 5.86

�

�

x < 2 →: 0.17 f(x) →: 2.17

x > 2 →:3.83 f(x) →: 5.83

�

�

x < 2 →: 0.19 f(x) →: 2.19

x > 2 →:3.81 f(x) →: 5.81

�

�

x < 2 →: 0.22 f(x) →: 2.22

x > 2 →:3.78 f(x) →: 5.78

�

�

x < 2 →: 0.25 f(x) →: 2.25

x > 2 →:3.75 f(x) →: 5.75

�

�

x < 2 →: 0.28 f(x) →: 2.28

x > 2 →:3.72 f(x) →: 5.72

�

�

x < 2 →: 0.31 f(x) →: 2.31

x > 2 →:3.69 f(x) →: 5.69

�

�

x < 2 →: 0.33 f(x) →: 2.33

x > 2 →:3.67 f(x) →: 5.67

�

�

x < 2 →: 0.36 f(x) →: 2.36

x > 2 →:3.64 f(x) →: 5.64

�

�

x < 2 →: 0.39 f(x) →: 2.39

x > 2 →:3.61 f(x) →: 5.61

�

�

x < 2 →: 0.42 f(x) →: 2.42

x > 2 →:3.58 f(x) →: 5.58

�

�

x < 2 →: 0.44 f(x) →: 2.44

x > 2 →:3.56 f(x) →: 5.56

�

�

x < 2 →: 0.47 f(x) →: 2.47

x > 2 →:3.53 f(x) →: 5.53

�

�

x < 2 →: 0.5 f(x) →: 2.5

x > 2 →:3.5 f(x) →: 5.5

�

�

x < 2 →: 0.53 f(x) →: 2.53

x > 2 →:3.47 f(x) →: 5.47

�

�

x < 2 →: 0.56 f(x) →: 2.56

x > 2 →:3.44 f(x) →: 5.44

�

�

x < 2 →: 0.58 f(x) →: 2.58

x > 2 →:3.42 f(x) →: 5.42

�

�

x < 2 →: 0.61 f(x) →: 2.61

x > 2 →:3.39 f(x) →: 5.39

�

�

x < 2 →: 0.64 f(x) →: 2.64

x > 2 →:3.36 f(x) →: 5.36

�

�

x < 2 →: 0.67 f(x) →: 2.67

x > 2 →:3.33 f(x) →: 5.33

�

�

x < 2 →: 0.69 f(x) →: 2.69

x > 2 →:3.31 f(x) →: 5.31

�

�

x < 2 →: 0.72 f(x) →: 2.72

x > 2 →:3.28 f(x) →: 5.28

�

�

x < 2 →: 0.75 f(x) →: 2.75

x > 2 →:3.25 f(x) →: 5.25

�

�

x < 2 →: 0.78 f(x) →: 2.78

x > 2 →:3.22 f(x) →: 5.22

�

�

x < 2 →: 0.81 f(x) →: 2.81

x > 2 →:3.19 f(x) →: 5.19

�

�

x < 2 →: 0.83 f(x) →: 2.83

x > 2 →:3.17 f(x) →: 5.17

�

�

x < 2 →: 0.86 f(x) →: 2.86

x > 2 →:3.14 f(x) →: 5.14

�

�

x < 2 →: 0.89 f(x) →: 2.89

x > 2 →:3.11 f(x) →: 5.11

�

�

x < 2 →: 0.92 f(x) →: 2.92

x > 2 →:3.08 f(x) →: 5.08

�

�

x < 2 →: 0.94 f(x) →: 2.94

x > 2 →:3.06 f(x) →: 5.06

�

�

x < 2 →: 0.97 f(x) →: 2.97

x > 2 →:3.03 f(x) →: 5.03

�

�

x < 2 →: 1.0 f(x) →: 3.0

x > 2 →:3.0 f(x) →: 5.0

�

�

x < 2 →: 1.03 f(x) →: 3.03

x > 2 →:2.97 f(x) →: 4.97

�

�

x < 2 →: 1.06 f(x) →: 3.06

x > 2 →:2.94 f(x) →: 4.94

�

�

x < 2 →: 1.08 f(x) →: 3.08

x > 2 →:2.92 f(x) →: 4.92

�

�

x < 2 →: 1.11 f(x) →: 3.11

x > 2 →:2.89 f(x) →: 4.89

�

�

x < 2 →: 1.14 f(x) →: 3.14

x > 2 →:2.86 f(x) →: 4.86

�

�

x < 2 →: 1.17 f(x) →: 3.17

x > 2 →:2.83 f(x) →: 4.83

�

�

x < 2 →: 1.19 f(x) →: 3.19

x > 2 →:2.81 f(x) →: 4.81

�

�

x < 2 →: 1.22 f(x) →: 3.22

x > 2 →:2.78 f(x) →: 4.78

�

�

x < 2 →: 1.25 f(x) →: 3.25

x > 2 →:2.75 f(x) →: 4.75

�

�

x < 2 →: 1.28 f(x) →: 3.28

x > 2 →:2.72 f(x) →: 4.72

�

�

x < 2 →: 1.31 f(x) →: 3.31

x > 2 →:2.69 f(x) →: 4.69

�

�

x < 2 →: 1.33 f(x) →: 3.33

x > 2 →:2.67 f(x) →: 4.67

�

�

x < 2 →: 1.36 f(x) →: 3.36

x > 2 →:2.64 f(x) →: 4.64

�

�

x < 2 →: 1.39 f(x) →: 3.39

x > 2 →:2.61 f(x) →: 4.61

�

�

x < 2 →: 1.42 f(x) →: 3.42

x > 2 →:2.58 f(x) →: 4.58

�

�

x < 2 →: 1.44 f(x) →: 3.44

x > 2 →:2.56 f(x) →: 4.56

�

�

x < 2 →: 1.47 f(x) →: 3.47

x > 2 →:2.53 f(x) →: 4.53

�

�

x < 2 →: 1.5 f(x) →: 3.5

x > 2 →:2.5 f(x) →: 4.5

�

�

x < 2 →: 1.53 f(x) →: 3.53

x > 2 →:2.47 f(x) →: 4.47

�

�

x < 2 →: 1.56 f(x) →: 3.56

x > 2 →:2.44 f(x) →: 4.44

�

�

x < 2 →: 1.58 f(x) →: 3.58

x > 2 →:2.42 f(x) →: 4.42

�

�

x < 2 →: 1.61 f(x) →: 3.61

x > 2 →:2.39 f(x) →: 4.39

�

�

x < 2 →: 1.64 f(x) →: 3.64

x > 2 →:2.36 f(x) →: 4.36

�

�

x < 2 →: 1.67 f(x) →: 3.67

x > 2 →:2.33 f(x) →: 4.33

�

�

x < 2 →: 1.69 f(x) →: 3.69

x > 2 →:2.31 f(x) →: 4.31

�

�

x < 2 →: 1.72 f(x) →: 3.72

x > 2 →:2.28 f(x) →: 4.28

�

�

x < 2 →: 1.75 f(x) →: 3.75

x > 2 →:2.25 f(x) →: 4.25

�
�

x < 2 →: 1.78 f(x) →: 3.78

x > 2 →:2.22 f(x) →: 4.22

�
�

x < 2 →: 1.81 f(x) →: 3.81

x > 2 →:2.19 f(x) →: 4.19

�
�

x < 2 →: 1.83 f(x) →: 3.83

x > 2 →:2.17 f(x) →: 4.17

�
�

x < 2 →: 1.86 f(x) →: 3.86

x > 2 →:2.14 f(x) →: 4.14

�
�

x < 2 →: 1.89 f(x) →: 3.89

x > 2 →:2.11 f(x) →: 4.11

� �

x < 2 →: 1.92 f(x) →: 3.92

x > 2 →:2.08 f(x) →: 4.08

� �

x < 2 →: 1.94 f(x) →: 3.94

x > 2 →:2.06 f(x) →: 4.06

� �

x < 2 →: 1.97 f(x) →: 3.97

x > 2 →:2.03 f(x) →: 4.03

��

lim
x→2−

f(x) = 4

lim
x→2+

f(x) = 4
��
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Example 1. Discuss the existence of the limit lim
x→0

sin

(
1

x

)
.

Solution: Since the value of sin

(
1

x

)
oscillates back and forth between 1 and −1 as x → 0,

then lim
x→0

sin

(
1

x

)
does not exist.

y = sin

(
1

x

)
x

y
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Example 2. Discuss the existence of the limit lim
x→0

sinx

x
.

Solution: Using the graph of the function again we can see that as x approaches 0, from

left or right the values of
sinx

x
approach 1.Thus lim

x→0

sinx

x
= 1.

1

π

2
π

3π

2
2π

−π

2
-π

−3π

2
-2π

��

x

y

f(x) =
sinx

x �� ��

x < 0 →: -2.0 f(x) →: 0.45

x > 0 →:2.0 f(x) →: 0.45

�� ��

x < 0 →: -1.97 f(x) →: 0.47

x > 0 →:1.97 f(x) →: 0.47

�� ��

x < 0 →: -1.94 f(x) →: 0.48

x > 0 →:1.94 f(x) →: 0.48

�� ��

x < 0 →: -1.92 f(x) →: 0.49

x > 0 →:1.92 f(x) →: 0.49

�� ��

x < 0 →: -1.89 f(x) →: 0.5

x > 0 →:1.89 f(x) →: 0.5

�� ��

x < 0 →: -1.86 f(x) →: 0.51

x > 0 →:1.86 f(x) →: 0.51

�� ��

x < 0 →: -1.83 f(x) →: 0.53

x > 0 →:1.83 f(x) →: 0.53

�� ��

x < 0 →: -1.81 f(x) →: 0.54

x > 0 →:1.81 f(x) →: 0.54

�� ��

x < 0 →: -1.78 f(x) →: 0.55

x > 0 →:1.78 f(x) →: 0.55

�� ��

x < 0 →: -1.75 f(x) →: 0.56

x > 0 →:1.75 f(x) →: 0.56

�� ��

x < 0 →: -1.72 f(x) →: 0.57

x > 0 →:1.72 f(x) →: 0.57

�� ��

x < 0 →: -1.69 f(x) →: 0.59

x > 0 →:1.69 f(x) →: 0.59

�� ��

x < 0 →: -1.67 f(x) →: 0.6

x > 0 →:1.67 f(x) →: 0.6

�� ��

x < 0 →: -1.64 f(x) →: 0.61

x > 0 →:1.64 f(x) →: 0.61

�� ��

x < 0 →: -1.61 f(x) →: 0.62

x > 0 →:1.61 f(x) →: 0.62

�� ��

x < 0 →: -1.58 f(x) →: 0.63

x > 0 →:1.58 f(x) →: 0.63

�� ��

x < 0 →: -1.56 f(x) →: 0.64

x > 0 →:1.56 f(x) →: 0.64

�� ��

x < 0 →: -1.53 f(x) →: 0.65

x > 0 →:1.53 f(x) →: 0.65

�� ��

x < 0 →: -1.5 f(x) →: 0.66

x > 0 →:1.5 f(x) →: 0.66

�� ��

x < 0 →: -1.47 f(x) →: 0.68

x > 0 →:1.47 f(x) →: 0.68

�� ��

x < 0 →: -1.44 f(x) →: 0.69

x > 0 →:1.44 f(x) →: 0.69

�� ��

x < 0 →: -1.42 f(x) →: 0.7

x > 0 →:1.42 f(x) →: 0.7

�� ��

x < 0 →: -1.39 f(x) →: 0.71

x > 0 →:1.39 f(x) →: 0.71

�� ��

x < 0 →: -1.36 f(x) →: 0.72

x > 0 →:1.36 f(x) →: 0.72

�� ��

x < 0 →: -1.33 f(x) →: 0.73

x > 0 →:1.33 f(x) →: 0.73

�� ��

x < 0 →: -1.31 f(x) →: 0.74

x > 0 →:1.31 f(x) →: 0.74

�� ��

x < 0 →: -1.28 f(x) →: 0.75

x > 0 →:1.28 f(x) →: 0.75

�� ��

x < 0 →: -1.25 f(x) →: 0.76

x > 0 →:1.25 f(x) →: 0.76

�� ��

x < 0 →: -1.22 f(x) →: 0.77

x > 0 →:1.22 f(x) →: 0.77

�� ��

x < 0 →: -1.19 f(x) →: 0.78

x > 0 →:1.19 f(x) →: 0.78

�� ��

x < 0 →: -1.17 f(x) →: 0.79

x > 0 →:1.17 f(x) →: 0.79

�� ��

x < 0 →: -1.14 f(x) →: 0.8

x > 0 →:1.14 f(x) →: 0.8

�� ��

x < 0 →: -1.11 f(x) →: 0.81

x > 0 →:1.11 f(x) →: 0.81

�� ��

x < 0 →: -1.08 f(x) →: 0.82

x > 0 →:1.08 f(x) →: 0.82

�� ��

x < 0 →: -1.06 f(x) →: 0.82

x > 0 →:1.06 f(x) →: 0.82

�� ��

x < 0 →: -1.03 f(x) →: 0.83

x > 0 →:1.03 f(x) →: 0.83

�� ��

x < 0 →: -1.0 f(x) →: 0.84

x > 0 →:1.0 f(x) →: 0.84

�� ��

x < 0 →: -0.97 f(x) →: 0.85

x > 0 →:0.97 f(x) →: 0.85

�� ��

x < 0 →: -0.94 f(x) →: 0.86

x > 0 →:0.94 f(x) →: 0.86

�� ��

x < 0 →: -0.92 f(x) →: 0.87

x > 0 →:0.92 f(x) →: 0.87

�� ��

x < 0 →: -0.89 f(x) →: 0.87

x > 0 →:0.89 f(x) →: 0.87

�� ��

x < 0 →: -0.86 f(x) →: 0.88

x > 0 →:0.86 f(x) →: 0.88

�� ��
x < 0 →: -0.83 f(x) →: 0.89

x > 0 →:0.83 f(x) →: 0.89

�� ��
x < 0 →: -0.81 f(x) →: 0.9

x > 0 →:0.81 f(x) →: 0.9

�� ��
x < 0 →: -0.78 f(x) →: 0.9

x > 0 →:0.78 f(x) →: 0.9

�� ��
x < 0 →: -0.75 f(x) →: 0.91

x > 0 →:0.75 f(x) →: 0.91

�� ��
x < 0 →: -0.72 f(x) →: 0.92

x > 0 →:0.72 f(x) →: 0.92

�� ��
x < 0 →: -0.69 f(x) →: 0.92

x > 0 →:0.69 f(x) →: 0.92

�� ��
x < 0 →: -0.67 f(x) →: 0.93

x > 0 →:0.67 f(x) →: 0.93

�� ��
x < 0 →: -0.64 f(x) →: 0.93

x > 0 →:0.64 f(x) →: 0.93

�� ��
x < 0 →: -0.61 f(x) →: 0.94

x > 0 →:0.61 f(x) →: 0.94

�� ��
x < 0 →: -0.58 f(x) →: 0.94

x > 0 →:0.58 f(x) →: 0.94

�� ��
x < 0 →: -0.56 f(x) →: 0.95

x > 0 →:0.56 f(x) →: 0.95

�� ��
x < 0 →: -0.53 f(x) →: 0.95

x > 0 →:0.53 f(x) →: 0.95

�� ��
x < 0 →: -0.5 f(x) →: 0.96

x > 0 →:0.5 f(x) →: 0.96

�� ��
x < 0 →: -0.47 f(x) →: 0.96

x > 0 →:0.47 f(x) →: 0.96

�� ��
x < 0 →: -0.44 f(x) →: 0.97

x > 0 →:0.44 f(x) →: 0.97

�� ��
x < 0 →: -0.42 f(x) →: 0.97

x > 0 →:0.42 f(x) →: 0.97

�� ��
x < 0 →: -0.39 f(x) →: 0.97

x > 0 →:0.39 f(x) →: 0.97

�� ��
x < 0 →: -0.36 f(x) →: 0.98

x > 0 →:0.36 f(x) →: 0.98

�� ��
x < 0 →: -0.33 f(x) →: 0.98

x > 0 →:0.33 f(x) →: 0.98

�� ��
x < 0 →: -0.31 f(x) →: 0.98

x > 0 →:0.31 f(x) →: 0.98

�� ��
x < 0 →: -0.28 f(x) →: 0.99

x > 0 →:0.28 f(x) →: 0.99

�� ��
x < 0 →: -0.25 f(x) →: 0.99

x > 0 →:0.25 f(x) →: 0.99

�� ��
x < 0 →: -0.22 f(x) →: 0.99

x > 0 →:0.22 f(x) →: 0.99

�� ��
x < 0 →: -0.19 f(x) →: 0.99

x > 0 →:0.19 f(x) →: 0.99

�� ��
x < 0 →: -0.17 f(x) →: 1.0

x > 0 →:0.17 f(x) →: 1.0

�� ��
x < 0 →: -0.14 f(x) →: 1.0

x > 0 →:0.14 f(x) →: 1.0

�� ��
x < 0 →: -0.11 f(x) →: 1.0

x > 0 →:0.11 f(x) →: 1.0

�� ��
x < 0 →: -0.08 f(x) →: 1.0

x > 0 →:0.08 f(x) →: 1.0

�� ��
x < 0 →: -0.06 f(x) →: 1.0

x > 0 →:0.06 f(x) →: 1.0

�� ��
x < 0 →: -0.03 f(x) →: 1.0

x > 0 →:0.03 f(x) →: 1.0

����
lim

x→0−
f(x) = 1

lim
x→0+

f(x) = 1

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 3. Discuss the existence of the limit lim
x→0

x2

√
x2 + 1− 1

.

Solution: Using the graph of the function again we can see that as x approaches 0, from

left or right the values of
x2

√
x2 + 1− 1

approach 2.Thus lim
x→0

x2

√
x2 + 1− 1

= 2.

1

2

3

4

5

-1

-2

1 2 3 4 5-1-2

x

y

��

f(x) =
x2

√
x2 + 1− 1

�� �� x < 0 →: -2.0 f(x) →: 3.24

x > 0 →:2.0 f(x) →: 3.24

�� �� x < 0 →: -1.97 f(x) →: 3.21

x > 0 →:1.97 f(x) →: 3.21

�� �� x < 0 →: -1.94 f(x) →: 3.19

x > 0 →:1.94 f(x) →: 3.19

�� �� x < 0 →: -1.92 f(x) →: 3.16

x > 0 →:1.92 f(x) →: 3.16

�� �� x < 0 →: -1.89 f(x) →: 3.14

x > 0 →:1.89 f(x) →: 3.14

�� �� x < 0 →: -1.86 f(x) →: 3.11

x > 0 →:1.86 f(x) →: 3.11

�� �� x < 0 →: -1.83 f(x) →: 3.09

x > 0 →:1.83 f(x) →: 3.09

�� �� x < 0 →: -1.8 f(x) →: 3.06

x > 0 →:1.81 f(x) →: 3.06

�� �� x < 0 →: -1.78 f(x) →: 3.04

x > 0 →:1.78 f(x) →: 3.04

�� �� x < 0 →: -1.75 f(x) →: 3.01

x > 0 →:1.75 f(x) →: 3.02

�� ��
x < 0 →: -1.72 f(x) →: 2.99

x > 0 →:1.72 f(x) →: 2.99

�� ��
x < 0 →: -1.69 f(x) →: 2.97

x > 0 →:1.7 f(x) →: 2.97

�� ��
x < 0 →: -1.66 f(x) →: 2.94

x > 0 →:1.67 f(x) →: 2.95

�� ��
x < 0 →: -1.64 f(x) →: 2.92

x > 0 →:1.64 f(x) →: 2.92

�� ��
x < 0 →: -1.61 f(x) →: 2.89

x > 0 →:1.61 f(x) →: 2.9

�� ��
x < 0 →: -1.58 f(x) →: 2.87

x > 0 →:1.59 f(x) →: 2.87

�� ��
x < 0 →: -1.55 f(x) →: 2.85

x > 0 →:1.56 f(x) →: 2.85

�� ��
x < 0 →: -1.53 f(x) →: 2.82

x > 0 →:1.53 f(x) →: 2.83

�� ��
x < 0 →: -1.5 f(x) →: 2.8

x > 0 →:1.5 f(x) →: 2.8

�� ��
x < 0 →: -1.47 f(x) →: 2.78

x > 0 →:1.47 f(x) →: 2.78

�� ��
x < 0 →: -1.44 f(x) →: 2.75

x > 0 →:1.45 f(x) →: 2.76

�� ��
x < 0 →: -1.41 f(x) →: 2.73

x > 0 →:1.42 f(x) →: 2.74

�� ��
x < 0 →: -1.39 f(x) →: 2.71

x > 0 →:1.39 f(x) →: 2.71

�� ��
x < 0 →: -1.36 f(x) →: 2.69

x > 0 →:1.36 f(x) →: 2.69

�� ��
x < 0 →: -1.33 f(x) →: 2.66

x > 0 →:1.34 f(x) →: 2.67

�� ��

x < 0 →: -1.3 f(x) →: 2.64

x > 0 →:1.31 f(x) →: 2.65

�� ��

x < 0 →: -1.27 f(x) →: 2.62

x > 0 →:1.28 f(x) →: 2.63

�� ��

x < 0 →: -1.25 f(x) →: 2.6

x > 0 →:1.25 f(x) →: 2.6

�� ��

x < 0 →: -1.22 f(x) →: 2.58

x > 0 →:1.23 f(x) →: 2.58

�� ��

x < 0 →: -1.19 f(x) →: 2.55

x > 0 →:1.2 f(x) →: 2.56

�� ��

x < 0 →: -1.16 f(x) →: 2.53

x > 0 →:1.17 f(x) →: 2.54

�� ��

x < 0 →: -1.13 f(x) →: 2.51

x > 0 →:1.14 f(x) →: 2.52

�� ��

x < 0 →: -1.11 f(x) →: 2.49

x > 0 →:1.12 f(x) →: 2.5

�� ��

x < 0 →: -1.08 f(x) →: 2.47

x > 0 →:1.09 f(x) →: 2.48

�� ��

x < 0 →: -1.05 f(x) →: 2.45

x > 0 →:1.06 f(x) →: 2.46

�� ��

x < 0 →: -1.02 f(x) →: 2.43

x > 0 →:1.03 f(x) →: 2.44

�� ��

x < 0 →: -0.99 f(x) →: 2.41

x > 0 →:1.01 f(x) →: 2.42

�� ��

x < 0 →: -0.97 f(x) →: 2.39

x > 0 →:0.98 f(x) →: 2.4

�� ��

x < 0 →: -0.94 f(x) →: 2.37

x > 0 →:0.95 f(x) →: 2.38

�� ��

x < 0 →: -0.91 f(x) →: 2.35

x > 0 →:0.92 f(x) →: 2.36

�� ��

x < 0 →: -0.88 f(x) →: 2.33

x > 0 →:0.89 f(x) →: 2.34

�� ��

x < 0 →: -0.86 f(x) →: 2.32

x > 0 →:0.87 f(x) →: 2.32

�� ��

x < 0 →: -0.83 f(x) →: 2.3

x > 0 →:0.84 f(x) →: 2.31

�� ��

x < 0 →: -0.8 f(x) →: 2.28

x > 0 →:0.81 f(x) →: 2.29

�� ��

x < 0 →: -0.77 f(x) →: 2.26

x > 0 →:0.78 f(x) →: 2.27

�� ��

x < 0 →: -0.74 f(x) →: 2.25

x > 0 →:0.76 f(x) →: 2.25

�� ��

x < 0 →: -0.72 f(x) →: 2.23

x > 0 →:0.73 f(x) →: 2.24

�� ��

x < 0 →: -0.69 f(x) →: 2.21

x > 0 →:0.7 f(x) →: 2.22

�� ��

x < 0 →: -0.66 f(x) →: 2.2

x > 0 →:0.67 f(x) →: 2.21

�� ��

x < 0 →: -0.63 f(x) →: 2.18

x > 0 →:0.65 f(x) →: 2.19

�� ��

x < 0 →: -0.6 f(x) →: 2.17

x > 0 →:0.62 f(x) →: 2.18

�� ��

x < 0 →: -0.58 f(x) →: 2.15

x > 0 →:0.59 f(x) →: 2.16

�� ��

x < 0 →: -0.55 f(x) →: 2.14

x > 0 →:0.56 f(x) →: 2.15

�� ��

x < 0 →: -0.52 f(x) →: 2.13

x > 0 →:0.54 f(x) →: 2.13

�� ��

x < 0 →: -0.49 f(x) →: 2.11

x > 0 →:0.51 f(x) →: 2.12

�� ��

x < 0 →: -0.46 f(x) →: 2.1

x > 0 →:0.48 f(x) →: 2.11

�� ��

x < 0 →: -0.44 f(x) →: 2.09

x > 0 →:0.45 f(x) →: 2.1

�� ��

x < 0 →: -0.41 f(x) →: 2.08

x > 0 →:0.42 f(x) →: 2.09

�� ��

x < 0 →: -0.38 f(x) →: 2.07

x > 0 →:0.4 f(x) →: 2.08

�� ��

x < 0 →: -0.35 f(x) →: 2.06

x > 0 →:0.37 f(x) →: 2.07

�� ��

x < 0 →: -0.32 f(x) →: 2.05

x > 0 →:0.34 f(x) →: 2.06

�� ��

x < 0 →: -0.3 f(x) →: 2.04

x > 0 →:0.31 f(x) →: 2.05

�� ��

x < 0 →: -0.27 f(x) →: 2.04

x > 0 →:0.29 f(x) →: 2.04

�� ��

x < 0 →: -0.24 f(x) →: 2.03

x > 0 →:0.26 f(x) →: 2.03

�� ��

x < 0 →: -0.21 f(x) →: 2.02

x > 0 →:0.23 f(x) →: 2.03

�� ��

x < 0 →: -0.19 f(x) →: 2.02

x > 0 →:0.2 f(x) →: 2.02

�� ��

x < 0 →: -0.16 f(x) →: 2.01

x > 0 →:0.18 f(x) →: 2.02

�� ��

x < 0 →: -0.13 f(x) →: 2.01

x > 0 →:0.15 f(x) →: 2.01

�� ��

x < 0 →: -0.1 f(x) →: 2.01

x > 0 →:0.12 f(x) →: 2.01

�� ��

x < 0 →: -0.07 f(x) →: 2.0

x > 0 →:0.09 f(x) →: 2.0

�� ��

x < 0 →: -0.05 f(x) →: 2.0

x > 0 →:0.07 f(x) →: 2.0

�� ��

x < 0 →: -0.02 f(x) →: 2.0

x > 0 →:0.04 f(x) →: 2.0

����
lim

x→0−
f(x) = 2

lim
x→0+

f(x) = 2

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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2.2. One-side Limit

Consider the function given to the
left.From the graph of f shown in Fig-
ure you can see that when x is close
to 1 form the right, f(x) is close to 4.5
and we express this by saying ”the limit
of the function f(x) as x approaches 1
from the right is equal to 4.5.” The no-
tation for this is lim

x→1+
f(x) = 4.5. Also

you can see that when x is close to 1
form the left, f(x) is close to 3 and we
express this by saying ”the limit of the
function f(x) as x approaches 1 from
the left is equal to 3.” The notation
for this is lim

x→1−
f(x) = 3. Now, since

lim
x→1−

f(x) = 3 �= 4.5 = lim
x→1+

f(x), then

lim
x→1

f(x) does not exist (DNE).

1

2

3

4

5

-1

-2

-3

1 2 3 4 5-1-2

x

y

��

�

f(x) =

{ −(x− 1)2 + 3, if x < 1;

−1

2
(x − 1)3 +

9

2
, if x ≥ 1.

��

�

x < 1 →: -1.0 f(x) →: -1.0

x > 1 →:3.0 f(x) →: 2.5

��

�

x < 1 →: -0.97f(x) →: -0.89

x > 1 →:2.97 f(x) →: 2.56

��

�

x < 1 →: -0.94f(x) →: -0.78

x > 1 →:2.94 f(x) →: 2.61

��

�

x < 1 →: -0.92f(x) →: -0.67

x > 1 →:2.92 f(x) →: 2.66

��

�

x < 1 →: -0.89f(x) →: -0.57

x > 1 →:2.89 f(x) →: 2.72

��

�
x < 1 →: -0.86f(x) →: -0.46

x > 1 →:2.86 f(x) →: 2.77

��

�
x < 1 →: -0.83f(x) →: -0.36

x > 1 →:2.83 f(x) →: 2.82

��

�
x < 1 →: -0.81f(x) →: -0.26

x > 1 →:2.81 f(x) →: 2.87

��

�
x < 1 →: -0.78f(x) →: -0.16

x > 1 →:2.78 f(x) →: 2.92

��

�
x < 1 →: -0.75f(x) →: -0.06

x > 1 →:2.75 f(x) →: 2.97

��

�
x < 1 →: -0.72f(x) →: 0.03

x > 1 →:2.72 f(x) →: 3.02

��

� x < 1 →: -0.69f(x) →: 0.13

x > 1 →:2.69 f(x) →: 3.06

��

� x < 1 →: -0.67f(x) →: 0.22

x > 1 →:2.67 f(x) →: 3.11

��

� x < 1 →: -0.64f(x) →: 0.31

x > 1 →:2.64 f(x) →: 3.16

��

� x < 1 →: -0.61f(x) →: 0.4

x > 1 →:2.61 f(x) →: 3.2

��

� x < 1 →: -0.58f(x) →: 0.49

x > 1 →:2.58 f(x) →: 3.25

��

� x < 1 →: -0.56f(x) →: 0.58

x > 1 →:2.56 f(x) →: 3.29

��

� x < 1 →: -0.53f(x) →: 0.67

x > 1 →:2.53 f(x) →: 3.33

��

� x < 1 →: -0.5 f(x) →: 0.75

x > 1 →:2.5 f(x) →: 3.38

��

� x < 1 →: -0.47f(x) →: 0.83

x > 1 →:2.47 f(x) →: 3.42

��

�
x < 1 →: -0.44f(x) →: 0.91

x > 1 →:2.44 f(x) →: 3.46

��

�
x < 1 →: -0.42f(x) →: 0.99

x > 1 →:2.42 f(x) →: 3.5

��

�
x < 1 →: -0.39f(x) →: 1.07

x > 1 →:2.39 f(x) →: 3.54

��

�
x < 1 →: -0.36f(x) →: 1.15

x > 1 →:2.36 f(x) →: 3.57

��

�
x < 1 →: -0.33f(x) →: 1.22

x > 1 →:2.33 f(x) →: 3.61

��

�
x < 1 →: -0.31f(x) →: 1.3

x > 1 →:2.31 f(x) →: 3.65

��

�
x < 1 →: -0.28f(x) →: 1.37

x > 1 →:2.28 f(x) →: 3.68

��

�

x < 1 →: -0.25f(x) →: 1.44

x > 1 →:2.25 f(x) →: 3.72

��

�

x < 1 →: -0.22f(x) →: 1.51

x > 1 →:2.22 f(x) →: 3.75

��

�

x < 1 →: -0.19f(x) →: 1.57

x > 1 →:2.19 f(x) →: 3.79

��

�

x < 1 →: -0.17f(x) →: 1.64

x > 1 →:2.17 f(x) →: 3.82

��

�

x < 1 →: -0.14f(x) →: 1.7

x > 1 →:2.14 f(x) →: 3.85

��

�

x < 1 →: -0.11f(x) →: 1.77

x > 1 →:2.11 f(x) →: 3.88

��

�

x < 1 →: -0.08f(x) →: 1.83

x > 1 →:2.08 f(x) →: 3.91

��

�

x < 1 →: -0.06f(x) →: 1.89

x > 1 →:2.06 f(x) →: 3.94

��

�

x < 1 →: -0.03f(x) →: 1.94

x > 1 →:2.03 f(x) →: 3.97

��

�

x < 1 →: 0.0 f(x) →: 2.0

x > 1 →:2.0 f(x) →: 4.0

��

�

x < 1 →: 0.03 f(x) →: 2.05

x > 1 →:1.97 f(x) →: 4.03

��

�

x < 1 →: 0.06 f(x) →: 2.11

x > 1 →:1.94 f(x) →: 4.05

��

�

x < 1 →: 0.08 f(x) →: 2.16

x > 1 →:1.92 f(x) →: 4.08

��

�

x < 1 →: 0.11 f(x) →: 2.21

x > 1 →:1.89 f(x) →: 4.1

��

�

x < 1 →: 0.14 f(x) →: 2.26

x > 1 →:1.86 f(x) →: 4.13

��

�

x < 1 →: 0.17 f(x) →: 2.31

x > 1 →:1.83 f(x) →: 4.15

��

�

x < 1 →: 0.19 f(x) →: 2.35

x > 1 →:1.81 f(x) →: 4.18

��

�

x < 1 →: 0.22 f(x) →: 2.4

x > 1 →:1.78 f(x) →: 4.2

��

�

x < 1 →: 0.25 f(x) →: 2.44

x > 1 →:1.75 f(x) →: 4.22

��

�

x < 1 →: 0.28 f(x) →: 2.48

x > 1 →:1.72 f(x) →: 4.24

��

�

x < 1 →: 0.31 f(x) →: 2.52

x > 1 →:1.69 f(x) →: 4.26

��

�

x < 1 →: 0.33 f(x) →: 2.56

x > 1 →:1.67 f(x) →: 4.28

��

�

x < 1 →: 0.36 f(x) →: 2.59

x > 1 →:1.64 f(x) →: 4.3

��

�

x < 1 →: 0.39 f(x) →: 2.63

x > 1 →:1.61 f(x) →: 4.31

��

�

x < 1 →: 0.42 f(x) →: 2.66

x > 1 →:1.58 f(x) →: 4.33

��

�

x < 1 →: 0.44 f(x) →: 2.69

x > 1 →:1.56 f(x) →: 4.35

��

�

x < 1 →: 0.47 f(x) →: 2.72

x > 1 →:1.53 f(x) →: 4.36

��

�

x < 1 →: 0.5 f(x) →: 2.75

x > 1 →:1.5 f(x) →: 4.38

��

�

x < 1 →: 0.53 f(x) →: 2.78

x > 1 →:1.47 f(x) →: 4.39

��

�

x < 1 →: 0.56 f(x) →: 2.8

x > 1 →:1.44 f(x) →: 4.4

��

�

x < 1 →: 0.58 f(x) →: 2.83

x > 1 →:1.42 f(x) →: 4.41

��

�

x < 1 →: 0.61 f(x) →: 2.85

x > 1 →:1.39 f(x) →: 4.42

��

�

x < 1 →: 0.64 f(x) →: 2.87

x > 1 →:1.36 f(x) →: 4.43

��

�

x < 1 →: 0.67 f(x) →: 2.89

x > 1 →:1.33 f(x) →: 4.44

��

�

x < 1 →: 0.69 f(x) →: 2.91

x > 1 →:1.31 f(x) →: 4.45

��

�

x < 1 →: 0.72 f(x) →: 2.92

x > 1 →:1.28 f(x) →: 4.46

��

�

x < 1 →: 0.75 f(x) →: 2.94

x > 1 →:1.25 f(x) →: 4.47

��

�

x < 1 →: 0.78 f(x) →: 2.95

x > 1 →:1.22 f(x) →: 4.48

��

�

x < 1 →: 0.81 f(x) →: 2.96

x > 1 →:1.19 f(x) →: 4.48

��

�

x < 1 →: 0.83 f(x) →: 2.97

x > 1 →:1.17 f(x) →: 4.49

��

�

x < 1 →: 0.86 f(x) →: 2.98

x > 1 →:1.14 f(x) →: 4.49

��

�

x < 1 →: 0.89 f(x) →: 2.99

x > 1 →:1.11 f(x) →: 4.49

��

�

x < 1 →: 0.92 f(x) →: 2.99

x > 1 →:1.08 f(x) →: 4.5

��

�

x < 1 →: 0.94 f(x) →: 3.0

x > 1 →:1.06 f(x) →: 4.5

��

�

x < 1 →: 0.97 f(x) →: 3.0

x > 1 →:1.03 f(x) →: 4.5

��

�

lim
x→1−

f(x) = 3

lim
x→1+

f(x) = 4.5

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Theorem 2.1: [The relationship between one-side limits and two-side limits]

lim
x→a

f(x) = L if and only if lim
x→a+

f(x) = L = lim
x→a−

f(x)

Example 4.

Let f(x) =

{
4, if x ≥ 0;
−2, if x < 0.

Determine whether the following limits exist

1. lim
x→0−

f(x) 2. lim
x→0+

f(x) 3. lim
x→0

f(x).

Solution:
Using the graph of the function we can see that
as x approaches 0, the value of f(x) approach
4 from the right and −2 from the left. Thus
lim

x→0−
f(x) = −2 and lim

x→0+
f(x) = 4.

Since lim
x→0−

f(x) = −2 �= 4 = lim
x→0+

f(x), then

by Theorem.1, lim
x→0

f(x) does not exist (DNE).

1
2
3
4

−1
−2
−3

��

�

x

y

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 5.
Use the graph of the function f to find the
following limits if it exist. If the limit does
not exist explain why?

1. lim
x→1

f(x)

2. lim
x→0

f(x)

3. lim
x→−2

f(x)
1

2

3

-1

-2

1 2 3-1-2-3-4

��

��

�

x

y y = f(x)

Solution:

1. Since lim
x→1−

f(x) = 1, and lim
x→1+

f(x) = 1, then lim
x→1

f(x) = 1.❍
?

2. Since lim
x→0−

f(x) = 2 �= −1 = lim
x→0+

f(x), then lim
x→0

f(x) = . DNE❍?

3. Since lim
x→−2−

f(x) = 3 = lim
x→−2+

f(x), then lim
x→−2

f(x) = 3.❍
?

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

1

2

3

-1

-2

1 2 3-1-2-3-4

��

��

�

x

y y = f(x)

� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ���1

2

3

-1

-2

1 2 3-1-2-3-4

��

��

�

x

y y = f(x)

��

�

��

�

��

�

��

�

��

�

��

�

��
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��

�

��
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��
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�

��
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��
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��
�

��
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��
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��
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��

�

��

�

��

�

��

�

��

�

��

�

1

2

3

-1

-2

1 2 3-1-2-3-4

��

��

�

x

y y = f(x)

� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ���
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2.3. Infinite Limits

Let f(x) =
1

x
, from the table below,

x > 0 f(x)

.1 10

.01 102

.001 103

.0001 104

.00001 105

x < 0 f(x)

−.1 −10

−.01 −102

−.001 −103

−.0001 −104

−.00001 −105

Look at the Figure to the right.We can see
that f(x) decreases (increases) without bound
as x approaches 0 from the left(right). We
describe this behavior by writing

lim
x→0−

1

x
= −∞ and lim

x→0+

1

x
= ∞.

1000

2000

3000

4000

5000

-1000

-2000

-3000

-4000

-5000

1 2 3-1-2-3

x

y

f(x) =
1

x

��
��

x < 0 →: -2.0 f(x) →: -250.0

x > 0 →:2.0 f(x) →: 250.0

��
��

x < 0 →: -1.97 f(x) →: -253.34

x > 0 →:1.97 f(x) →: 253.34

��
��

x < 0 →: -1.95 f(x) →: -256.78

x > 0 →:1.95 f(x) →: 256.78

��
��

x < 0 →: -1.92 f(x) →: -260.3

x > 0 →:1.92 f(x) →: 260.3

��

��

x < 0 →: -1.89 f(x) →: -263.93

x > 0 →:1.89 f(x) →: 263.93

��

��

x < 0 →: -1.87 f(x) →: -267.66

x > 0 →:1.87 f(x) →: 267.66

��

��

x < 0 →: -1.84 f(x) →: -271.49

x > 0 →:1.84 f(x) →: 271.49

��

��

x < 0 →: -1.82 f(x) →: -275.44

x > 0 →:1.82 f(x) →: 275.44

��

��

x < 0 →: -1.79 f(x) →: -279.5

x > 0 →:1.79 f(x) →: 279.5

��

��

x < 0 →: -1.76 f(x) →: -283.69

x > 0 →:1.76 f(x) →: 283.69

��

��

x < 0 →: -1.74 f(x) →: -288.0

x > 0 →:1.74 f(x) →: 288.0

��

��

x < 0 →: -1.71 f(x) →: -292.45

x > 0 →:1.71 f(x) →: 292.45

��

��

x < 0 →: -1.68 f(x) →: -297.03

x > 0 →:1.68 f(x) →: 297.03

��

��

x < 0 →: -1.66 f(x) →: -301.76

x > 0 →:1.66 f(x) →: 301.76

��

��

x < 0 →: -1.63 f(x) →: -306.64

x > 0 →:1.63 f(x) →: 306.64

��

��

x < 0 →: -1.6 f(x) →: -311.69

x > 0 →:1.6 f(x) →: 311.69

��

��

x < 0 →: -1.58 f(x) →: -316.9

x > 0 →:1.58 f(x) →: 316.9

��

��

x < 0 →: -1.55 f(x) →: -322.29

x > 0 →:1.55 f(x) →: 322.29

��

��

x < 0 →: -1.52 f(x) →: -327.87

x > 0 →:1.53 f(x) →: 327.87

��

��

x < 0 →: -1.5 f(x) →: -333.64

x > 0 →:1.5 f(x) →: 333.64

��

��

x < 0 →: -1.47 f(x) →: -339.62

x > 0 →:1.47 f(x) →: 339.62

��

��

x < 0 →: -1.45 f(x) →: -345.82

x > 0 →:1.45 f(x) →: 345.82

��

��

x < 0 →: -1.42 f(x) →: -352.25

x > 0 →:1.42 f(x) →: 352.25

��

��

x < 0 →: -1.39 f(x) →: -358.92

x > 0 →:1.39 f(x) →: 358.92

��

��

x < 0 →: -1.37 f(x) →: -365.85

x > 0 →:1.37 f(x) →: 365.85

��

��

x < 0 →: -1.34 f(x) →: -373.06

x > 0 →:1.34 f(x) →: 373.06

��

��

x < 0 →: -1.31 f(x) →: -380.55

x > 0 →:1.31 f(x) →: 380.55

��

��

x < 0 →: -1.29 f(x) →: -388.35

x > 0 →:1.29 f(x) →: 388.35

��

��

x < 0 →: -1.26 f(x) →: -396.48

x > 0 →:1.26 f(x) →: 396.48

��

��

x < 0 →: -1.23 f(x) →: -404.95

x > 0 →:1.23 f(x) →: 404.95

��

��

x < 0 →: -1.21 f(x) →: -413.79

x > 0 →:1.21 f(x) →: 413.79

��

��

x < 0 →: -1.18 f(x) →: -423.03

x > 0 →:1.18 f(x) →: 423.03

��

��

x < 0 →: -1.16 f(x) →: -432.69

x > 0 →:1.16 f(x) →: 432.69

��

��

x < 0 →: -1.13 f(x) →: -442.8

x > 0 →:1.13 f(x) →: 442.8

��

��

x < 0 →: -1.1 f(x) →: -453.4

x > 0 →:1.1 f(x) →: 453.4

��

��

x < 0 →: -1.08 f(x) →: -464.52

x > 0 →:1.08 f(x) →: 464.52

��

��

x < 0 →: -1.05 f(x) →: -476.19

x > 0 →:1.05 f(x) →: 476.19

��

��

x < 0 →: -1.02 f(x) →: -488.47

x > 0 →:1.02 f(x) →: 488.47

��

��

x < 0 →: -1.0 f(x) →: -501.39

x > 0 →:1.0 f(x) →: 501.39

��

��

x < 0 →: -0.97 f(x) →: -515.02

x > 0 →:0.97 f(x) →: 515.02

��

��

x < 0 →: -0.94 f(x) →: -529.41

x > 0 →:0.94 f(x) →: 529.41

��

��

x < 0 →: -0.92 f(x) →: -544.63

x > 0 →:0.92 f(x) →: 544.63

��

��

x < 0 →: -0.89 f(x) →: -560.75

x > 0 →:0.89 f(x) →: 560.75

��

��

x < 0 →: -0.87 f(x) →: -577.85

x > 0 →:0.87 f(x) →: 577.85

��

��

x < 0 →: -0.84 f(x) →: -596.03

x > 0 →:0.84 f(x) →: 596.03

��

��

x < 0 →: -0.81 f(x) →: -615.38

x > 0 →:0.81 f(x) →: 615.38

��

��

x < 0 →: -0.79 f(x) →: -636.04

x > 0 →:0.79 f(x) →: 636.04

��

��

x < 0 →: -0.76 f(x) →: -658.14

x > 0 →:0.76 f(x) →: 658.14

��

��

x < 0 →: -0.73 f(x) →: -681.82

x > 0 →:0.73 f(x) →: 681.82

��

��

x < 0 →: -0.71 f(x) →: -707.27

x > 0 →:0.71 f(x) →: 707.27

��

��

x < 0 →: -0.68 f(x) →: -734.69

x > 0 →:0.68 f(x) →: 734.69

��

��

x < 0 →: -0.65 f(x) →: -764.33

x > 0 →:0.65 f(x) →: 764.33

��

��

x < 0 →: -0.63 f(x) →: -796.46

x > 0 →:0.63 f(x) →: 796.46

��

��

x < 0 →: -0.6 f(x) →: -831.41

x > 0 →:0.6 f(x) →: 831.41

��

��

x < 0 →: -0.57 f(x) →: -869.57

x > 0 →:0.58 f(x) →: 869.57

��

��

x < 0 →: -0.55 f(x) →: -911.39

x > 0 →:0.55 f(x) →: 911.39

��

��

x < 0 →: -0.52 f(x) →: -957.45

x > 0 →:0.52 f(x) →: 957.45

��

��

x < 0 →: -0.5 f(x) →: -1008.4

x > 0 →:0.5 f(x) →: 1008.4

��

��

x < 0 →: -0.47 f(x) →: -1065.09

x > 0 →:0.47 f(x) →: 1065.09

��

��

x < 0 →: -0.44 f(x) →: -1128.53

x > 0 →:0.44 f(x) →: 1128.53

��

��

x < 0 →: -0.42 f(x) →: -1200.0

x > 0 →:0.42 f(x) →: 1200.0

��

��

x < 0 →: -0.39 f(x) →: -1281.14

x > 0 →:0.39 f(x) →: 1281.14

��

��

x < 0 →: -0.36 f(x) →: -1374.05

x > 0 →:0.36 f(x) →: 1374.05

��

��

x < 0 →: -0.34 f(x) →: -1481.48

x > 0 →:0.34 f(x) →: 1481.48

��

��

x < 0 →: -0.31 f(x) →: -1607.14

x > 0 →:0.31 f(x) →: 1607.14

��

��

x < 0 →: -0.28 f(x) →: -1756.1

x > 0 →:0.28 f(x) →: 1756.1

��

��

x < 0 →: -0.26 f(x) →: -1935.48

x > 0 →:0.26 f(x) →: 1935.48

��

��

x < 0 →: -0.23 f(x) →: -2155.69

x > 0 →:0.23 f(x) →: 2155.69

��

��

x < 0 →: -0.21 f(x) →: -2432.43

x > 0 →:0.21 f(x) →: 2432.43

��

��

x < 0 →: -0.18 f(x) →: -2790.7

x > 0 →:0.18 f(x) →: 2790.7

��

��

x < 0 →: -0.15 f(x) →: -3272.73

x > 0 →:0.15 f(x) →: 3272.73

��

��

x < 0 →: -0.13 f(x) →: -3956.04

x > 0 →:0.13 f(x) →: 3956.04

��

��

lim
x→0−

f(x) = −∞

lim
x→0+

f(x) = ∞

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Note 1: The expressions lim
x→a

f(x) = ∞ and lim
x→a

f(x) = −∞ do not mean that the limit of

the function exists as x approaches a (it does not exist), but we use this to indicate that the
function increase or decrease without bound near the number a. Another thing to be point

out is we say that f(x) approaches ∞ as x approaches a
(
lim
x→a

f(x) = ∞
)
if and only if f(x)

approaches∞ as x approaches a from the right and the left

(
lim

x→a+
f(x) = ∞ = lim

x→a−
f(x)

)
.

If the limit of f(x) from one side of a is ∞ and from the other side of a is −∞, then lim
x→a

f(x)

does not exist and we usually write lim
x→a

f(x) DNE.

!��	� ��
� �"�#�� ��$
�� %& '
(� ) lim
x→a

f(x) = −∞ � lim
x→a

f(x) = ∞ '*���� ��+(���

�� ���,�� ������ %& -�*��� ��+(��� �/0 1�2�3� ��� �4�� (�"�#�� ��6 ��$
��) a �� x
.�8 %��9 :�
��

��	� 
�;<

(
lim
x→a

f(x) = ∞
)
a �� x !��	� ��
� ∞ �� !��	� f(x) =�	� ��8  �>� ���

a �� ?3��� �� ��@��� �� a �� x !��	� ��
�∞ �� !��	� f(x) %&

.

(
lim

x→a+
f(x) = ∞ = lim

x→a−
f(x)

)

�$A�� �� ��$
�� �∞ �0 ���$A��  �8� �� a �� x !��	� ��
� f(x) ����� ��$
�� B�� �C&

. lim
x→a

f(x) DNE �"�#�� ��6 ��$
�� %& =�	� 
�;< −∞ �0  �>)�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 6.

Use the graph of the function f to find the
following limits if it exist. If the limit does
not exist explain why?

1. lim
x→1

f(x)

2. lim
x→−1

f(x)

3. lim
x→0

f(x)

1

2

3

4

5

6

−1

−2

−3

1 2 3 4−1−2−3−4−5

x

y

y = f(x)

Solution:

1. Since lim
x→1−

f(x) = ∞, and lim
x→1+

f(x) = −∞, then lim
x→1

f(x) DNE.❍
?

2. Since lim
x→−1−

f(x) = ∞ = lim
x→1+

f(x), then lim
x→1

f(x) = ∞.❍
?

3. Since lim
x→0−

f(x) = 3 = lim
x→0+

f(x), then lim
x→0

f(x) = 3.❍
?

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Suppose that lim
x→a

f(x) = L �= 0, and lim
x→a

g(x) = 0. Then

lim
x→a+

f(x)

g(x)
=

{
∞, if f(x), g(x) > 0 or f(x), g(x) < 0 for x > a;
−∞, if f(x) > 0, g(x) < 0 or f(x) < 0, g(x) > 0 for x > a.

,

Similarly,

lim
x→a−

f(x)

g(x)
=

{
∞, if f(x), g(x) > 0 or f(x), g(x) < 0 for x < a;
−∞, if f(x) > 0, g(x) < 0 or f(x) < 0, g(x) > 0 for x < a.

.

Now, if lim
x→a+

f(x)

g(x)
= lim

x→a−

f(x)

g(x)
, the we write lim

x→a

f(x)

g(x)
= lim

x→a+

f(x)

g(x)
= lim

x→a−

f(x)

g(x)
.

If lim
x→a+

f(x)

g(x)
�= lim

x→a−

f(x)

g(x)
, the we write lim

x→a

f(x)

g(x)
DNE. So to compute lim

x→a

f(x)

g(x)
find

lim
x→a+

f(x)

g(x)
and lim

x→a−

f(x)

g(x)
. Now, if lim

x→a+

f(x)

g(x)
and lim

x→a−

f(x)

g(x)
are both ∞ or both −∞,

then lim
x→a

f(x)

g(x)
equal the common limit. If lim

x→a+

f(x)

g(x)
and lim

x→a−

f(x)

g(x)
are different, then

lim
x→a

f(x)

g(x)
DNE.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 7. Evaluate the following limits

1. lim
x→3+

x+ 1

x2 − x− 6
2. lim

x→−1−
x2 + 1

4x2 + 16x+ 12

Solution:

1. lim
x→3+

x+ 1

x2 − x− 6
= lim

x→3+

x+ 1

x2 − x− 6
A direct substation gives I.F. 4/0. If x > 3

= lim
x→3+

x+ 1

(x− 3)(x+ 2)
and near 3,then x + 1 > 0, x − 3 > 0, x + 2 > 0.

= lim
x→3+

+

x+ 1
+

(x− 3)
+

(x+ 2)

= ∞.❍
?

2. lim
x→−1−

x2 + 1

4x2 + 16x+ 12
= lim

x→−1−
x2 + 1

4x2 + 16x+ 12
A direct substation gives I.F. 2/0. If x < −1 and

= lim
x→−1−

x2 + 1

4(x+ 1)(x+ 3)
near −1,then x2 + 1 > 0, x + 1 < 0, x + 3 > 0.

= lim
x→−1−

+

x2 + 1
+

4
−

(x+ 1)
+

(x+ 3)

= −∞.❍
?

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Vertical Asymptote

Definition 2.1: [Vertical Asymptote]
The line x = a is called vertical asymptote of the graph of y = f(x) if one of the following
cases happen: lim

x→a−
f(x) = ±∞, lim

x→a+
f(x) = ±∞.

Note 2: The vertical asymptote for a quotient function is likely to occur at the zeroes
of the denominator. One thing we want to pint out here is that not every zeros of the
denominator is a vertical asymptote. Most of the students think that every zero of
the denominator is a vertical asymptote which is not true.

Example 8. Find all vertical asymptotes of the graph of f(x) =
x+ 2

x2 − 4

Solution: Write f(x) =
x+ 2

(x− 2)(x+ 2)
. The zeroes of the denominator are −2, 2. To chuck that

x = −2 is a vertical asymptote or not we take the limit at −2 from both sides.

lim
x→−2

f(x) = lim
x→−2

����(x+ 2)

����(x+ 2)(x− 2)
= lim

x→−2

1

x− 2
=

−1

4
. Hence x = −2❍? is not a vertical asymptote.

To chuck that x = 2 we take the limit lim
x→2+

f(x) = lim
x→2+

+

x+ 2
+

(x+ 2)(x− 2)

= ∞. Hence x = 2❍? is a

vertical asymptote. �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 9. Find the vertical asymptote for

1. f(x) = tanx

2. f(x) = lnx

3. f(x) = ln (x− 1)

Solution:

1. Since tanx =
sinx

cosx
, then there are potential vertical asymptote when

cosx = 0 ⇔ x = (2n+ 1)
π

2
, n ∈ Z. Since lim

x→π
2

−
tanx = ∞,❍

?
and

lim
x→π

2
+
f(x) = −∞,❍

?
then x =

π

2
is a vertical asymptote for tanx. Similarly, we can

show that x = x = (2n+ 1)
π

2
, n ∈ Z is a vertical asymptote.

2. Since lim
x→0+

lnx = −∞,❍
?
then x = 0(y−axis is a vertical asymptote for f(x) = lnx.

3. Since lim
x→1+

ln (x− 1) = −∞,❍
?
then x = 1 is a vertical asymptote for

f(x) = ln (x− 1).

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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