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3. Calculating Limits Using Limit Laws

3.1. The Limit Laws

Theorem 3.1: [Basic Limits]
Let a and c be real numbers and let n be a positive integer.

1.
lim
x→a

c = c.
2.

lim
x→a

x = a.
3.

lim
x→a

xn = an.
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Theorem 3.2: [Properties of Limits]
Let a and c be real numbers, and let n be a positive integer. Suppose that lim

x→a
f(x) = L

and lim
x→a

g(x) = M. Then

1. Sum: lim
x→a

[f(x) + g(x)] = L+M

2. Difference: lim
x→a

[f(x)− g(x)] = L−M

3. Product: lim
x→a

[f(x)g(x)] = LM

4. Quotient: lim
x→a

[
f(x)

g(x)

]
=

L

M
provided M �= 0.

5. Constant multiple: lim
x→a

[cf(x)] = cL

6. Power: lim
x→a

[f(x)]n = Ln

7. Root: lim
x→a

n
√
f(x) =

n
√
L provided L ≥ 0 if n is even.
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Example 1. Find the following limits

1. lim
x→0

(x + 3).❍
?

2. lim
x→−1

x2 − 3x+ 7

x3 + 2x− 7
.❍
?

3. lim
x→2

[
x+ 2−√

x+ 7
]2
.❍
?

Solution:

1. Using Theorem 2 we have

lim
x→0

(x + 3) = lim
x→0

x+ lim
x→0

3 = 0 + 3 = 3. Use the sum law

2. Using Theorem 2 we have

lim
x→−1

x2 − 3x+ 7

x3 + 2x− 7
=

lim
x→−1

(x2 − 3x+ 7)

lim
x→−1

(x3 + 2x− 7)
Use the quotient law

=
(−1)2 − 3(−1) + 7

(−1)3 + 2(−1)− 7
=

−11

10
.

3. Using Theorem 2 we have

lim
x→2

[
x+ 2−√

x+ 7
]2

=

[
lim
x→2

(x+ 2)−
√

lim
x→2

(x+ 7)

]2
Use the difference, root, power laws

= [4− 3]2 = 1.

�
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Theorem 3.3: [Limits of Polynomial and Rational Functions]

1. If p is any polynomial and a is any real number, then lim
x→a

p(x) = p(a).

2. If f is a rational function such that f(x) =
p(x)

q(x)
where p, q are polynomials and a is a real

number such that q(a) �= 0, then lim
x→a

f(x) = f(a) =
p(a)

q(a)
.

Example 2. Find the following limits

1. lim
x→1

(x3 + 3x2 − x+ 7). 2. lim
x→2

x2 − 3x

x3 + x
.

Solution:

1. Using Theorem 3 we have

lim
x→1

(x3 + 3x2 − x+ 7) = (1)3 + 3(1)− 1 + 7 = 10. polynomial

2. Using Theorem 3 we have

lim
x→2

x2 − 3x

x3 + x
=

(2)2 − 3(2)

(2)3 + 2
=

−1

5
. rational

�
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Cancelation and Rationalization Techniques

A quotient
f(x)

g(x)
in which the numerator and denominator both have a limit of zero as

x → a is called an indeterminate form (I.F.) type 0/0 because you can not determine the
limit. When you try to evaluate this kind of limits remember that you must rewrite the
quotient so that the new denominator does not approach zero as x → a. One way to do that
is to cancel the common factor between the numerator and the denominator, this method is
called cancelation technique. A second way is to rationalize the numerator which is called
rationalization technique.

Note 1: Note that if p is a polynomial and a be a real number such that p(a) = 0, then
p(x) = (x − a)q(x). The q(x) is nothing but the quotient of p(x) and x− a. Also note that

a2 − b2 = (a− b)(a+ b) Difference between two squares.

a3 − b3 = (a− b)(a2 + ab+ b2) Difference between two cubs.

a3 + b3 = (a+ b)(a2 − ab+ b2) Sum between two cubs.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 3. Evaluate the following limits

1. lim
x→1

x2 + x− 2

x2 − x
❍? 2. lim

x→−3

x2 − x− 12

x2 − 9
❍?

Solution:

1.

lim
x→1

x2 + x− 2

x2 − x
= lim

x→1

x2 + x− 2

x2 − x
A direct substation will give us I.F. 0/0

= lim
x→1

(x− 1)(x+ 2)

(x− 1)x
Factoring x− 1 from numerator and denominator

= lim
x→1

����(x− 1)(x+ 2)

����(x− 1)x
= lim

x→1

x+ 2

x
=

1 + 2

1
= 3.

2.

lim
x→−3

x2 − x− 12

x2 − 9
= lim

x→−3

x2 − x− 12

x2 − 9
A direct substation will give us I.F. 0/0

= lim
x→−3

(x+ 3)(x− 4)

(x+ 3)(x− 3)
Factoring x+ 3 from numerator and denominator

= lim
x→−3

����(x+ 3)(x− 4)

����(x+ 3)(x− 3)
= lim

x→−3

x− 4

x− 3
=

−3− 4

−3− 3
=

7

6
.

�
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Example 4. Evaluate the following limits lim
x→0

√
x+ 1− 1

x
❍?

Solution: A direct substation will give us I.F. 0/0. Now,

lim
x→0

√
x+ 1− 1

x
= lim

x→0

√
x+ 1− 1

x
·
√
x+ 1 + 1√
x+ 1 + 1

Multiply by 1 =

√
x+ 1 + 1√
x+ 1 + 1

= lim
x→0

(x + 1)− 1❍?

x(
√
x+ 1 + 1)

Factoring x from numerator and denominator

= lim
x→0

�x

�x(
√
x+ 1 + 1)

= lim
x→0

1√
x+ 1 + 1

=
1√

0 + 1 + 1

=
1

2
.

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

[
√
x+ 1−1][

√
x+ 1+1] = (

√
x+ 1)2−12 = (x+1)−1

We used the fact (a− b)(a+ b) = a2 − b2.

0.5
1.0
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Example 5. Evaluate the following limits lim
x→3

x2 + x− 12√
x+ 1− 2

❍?

Solution: A direct substation will give us I.F. 0/0. Now,

lim
x→3

x2 + x− 12√
x+ 1− 2

= lim
x→3

x2 + x− 12√
x+ 1− 2

·
√
x+ 1+ 2√
x+ 1+ 2

Multiply by 1 =

√
x+ 1 + 2√
x+ 1 + 2

= lim
x→3

(x2 + x− 12)(
√
x+ 1+ 2)

(x+ 1)− 4❍?
Factoring x− 3 from top and bottom

= lim
x→3

����(x − 3)(x + 4)(
√
x+ 1 + 2)

���x− 3

= lim
x→3

(x+ 4)(
√
x+ 1 + 2)

= (3 + 4)(
√
3 + 1 + 2)

= (7)(4) = 28

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

[
√
x+ 1−2][

√
x+ 1+2] = (

√
x+ 1)2−22 = (x+1)−4

We used the fact (a− b)(a+ b) = a2 − b2.
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Example 6. Let f(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x3 − 27

x− 3
, if x < 3;

27, if x = 3;
x2 + 21x− 72

x− 3
, if x > 3.

❍?

Find lim
x→3

f(x)

Solution: Since f is defined by different expressions for x < 3 and x > 3, we have to find lim
x→3+

f(x),

and lim
x→3−

f(x).

lim
x→3+

f(x) = lim
x→3+

x2 + 21x− 72

x− 3
x → 3+ ⇒ x > 3. A direct substation will give I.F. 0/0.

= lim
x→3+

(x− 3)(x+ 24)

x− 3
Factoring x− 3 from top and bottom

= lim
x→3+

����(x− 3)(x+ 24)

���x− 3
= 27

lim
x→3−

f(x) = lim
x→3−

x3 − 27

x− 3
x → 3− ⇒ x < 3. A direct substation will give I.F. 0/0.

= lim
x→3−

(x− 3)(x2 + 3x+ 9)

x− 3
Factoring x− 3 from top and bottom

= lim
x→3−

����(x− 3)(x2 + 3x+ 9)

���x− 3
= 27.

Hence lim
x→3

f(x) = 27❍? �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

Since
lim

x→3+
f(x) = 27 = lim

x→3−
f(x).
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The function whose value at any number x is the greatest integer less than or equal to x is
called the greatest integer function and it is denoted by [[x]]. Observe that

[[2.4]] = 2 [[1.9]] = 1 [[0.4]] = 0 [[0]] = 0

[[2]] = 2 [[−0.4]] = −1 [[−2.4]] = −3 [[−4]] = −4

Notice that lim
x→n−

g(x) = lim
x→n−

[[x]] = n− 1 n ∈ Z

and lim
x→n+

g(x) = lim
x→n+

[[x]] = n n ∈ Z

See the graph of the greatest integer below
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Example 7. Find lim
x→1

x− 1

|x− 1|
❍?

Solution: A direct substation gives I.F. 0/0. The best way to deal with this kind of limit
find the limit for the right side and from the left side.

lim
x→1+

x− 1

|x− 1| = lim
x→1+

x− 1

|x− 1| x → 1+ ⇒ x > 1 ⇒ |x− 1| = x− 1.

= lim
x→1+

x− 1

x− 1
Simplify

= lim
x→1+

����(x− 1)

���x− 1
= lim

x→1+
1 = 1

lim
x→1−

x− 1

|x− 1| = lim
x→1−

x− 1

|x− 1| x → 1− ⇒ x < 1 ⇒ |x− 1| = −(x− 1).

= lim
x→1−

x− 1)

−(x− 1)
Simplify

= lim
x→1−

���x− 1

−����(x− 1)

= lim
x→1−

(−1) = −1

Hence lim
x→3

x− 1

|x− 1| DNE❍? �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

Since

lim
x→1+

x− 1

|x− 1| = 1 �= −1 = lim
x→1−

x− 1

|x− 1| .
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Theorem 3.4: [The Sandwich Theorem ]
If f(x) ≤ g(x) ≤ h(x) for all x in an open interval
containing a, except possibly at a itself and if
lim
x→a

f(x) = L = lim
x→a

h(x), then lim
x→a

g(x) = L.

a

f
g

h

L

x

y

Example 8. If 4− x2 ≤ f(x) ≤ (3 +
√
1 + x), find lim

x→0
f(x).

Solution: Since lim
x→0

(4 − x2) = 4 = lim
x→0

(3 +
√
1 + x), then by The Sandwich Theorem we

have lim
x→0

f(x) = 4. �

Example 9. If
1

2
− x2

24
≤ 1− cosx

x2
≤ 1

2
, find lim

x→∞
1− cosx

x2

Solution: Since lim
x→0

(
1

2
− x2

24
) =

1

2
= lim

x→0

1

2
, then by The Sandwich Theorem we have

lim
x→0

1− cosx

x2
=

1

2
. �
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Example 10. Find lim
x→0

|x− 2| − 2

x
❍?

Solution: A direct substation gives I.F. 0/0. Note that if x > 0 or x < 0 near(close) to 0
then x− 2 < 0 ⇒ |x− 2| = −(x− 2).

lim
x→0

|x− 2| − 2

x
= lim

x→0

−(x− 2)− 2

x

= lim
x→0

−x+ 2− 2

x

= lim
x→0

−x

x

= lim
x→0

(−1)

= −1

�
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Example 11. Find lim
x→0

x sin

(
1

x

)

Solution: Notice that lim
x→0

sin

(
1

x

)
does not exist so we can not apply the product law.

Now, we know that

−1 ≤ sin

(
1

x

)
≤ 1 (x �= 0).

Hence −|x| ≤ x sin

(
1

x

)
≤ |x| (x �= 0). Then using the Squeeze Theorem and the fact

that

lim
x→0

−|x| = 0 = lim
x→0

|x|,we have lim
x→0

x sin

(
1

x

)
= 0.❍

? �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �

y = −|x|

y = |x|

y = x sin
1

x

x

y
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