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4. Continuity

Continuity at a point

Definition 4.1: [ Continuity]
A function f is continuous at a if the following three conditions hold:

1. f(a) is defined. 2. lim
x→a

f(x) exists. 3. lim
x→a

f(x) = f(a).

A function f fails to be continuous at a if one
or more of the following conditions holds:

1. If f is not defined at a.

2. If lim
x→a

f(x) does not exist.

3. If lim
x→a

f(x) exist but it is not equal to

f(a).

If one of the above conditions holds we say f
is discontinuous at a. See Figures.
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lim
x→a

f(x) DNE
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lim
x→a

f(x) �= f(a)
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f(a) is not defined

lim
x→a

f(x)

DNE

y = f(x)
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Example 1. Determine whether the function h(x) =

⎧⎨
⎩

x2 + 2x− 3

x− 1
, x �= 1;

3, x = 1.

❍? is continuous at

a = 1

Solution: The function h is defined at a = 1 with h(1) = 3.

lim
x→1

h(x) = lim
x→1

x2 + 2x− 3

x− 1
substitution will give I.F. 0/0.

= lim
x→1

����(x− 1)(x+ 3)

����(x− 1)

= lim
x→1

(x+ 3) = 4.

Now, since lim
x→1

h(x) = 4 �= 3 = h(1), then h is discontinuous at a = 1. �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 2. The graph of f is given to the right.
At which numbers is f discontinuous? Justify your
answer.

Solution: The function f is discontinuous at x = −2
because f(−2) is not defined and

lim
x→−2

f(x)DNE.

The function f is discontinuous at x = 1 because

f(1) = 2 �= 2.8 ≈ lim
x→1

f(x).

The function f is discontinuous at x = 2 because

lim
x→2+

f(x) ≈ .25 �= 2.9 ≈ lim
x→2−

f(x).
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y = f(x)
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The greatest integer function [[x]]❍
?

is an example of has a discontinuities at all integers
because lim

x→n
[[x]] does not exist since lim

x→n+
[[x]] = n �= n− 1 = lim

x→n−
[[x]] .

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Continuity on an open Interval

A function f is continuous on an open interval (a, b) if it is continuous at each point in
the interval. A function f that is continuous on the entire real line (−∞,∞) is everywhere
continuous.

One-Sided Continuity and Continuity on a closed Interval

Definition 4.2: [Right and Left Continuity ]
A function f is continuous from the right at a if lim

x→a+
f(x) = f(a). A function f is continuous

from the left at a if lim
x→a−

f(x) = f(a).

The greatest integer function [[x]]❍
?
is continuous from the right at all integers

lim
x→n+

[[x]] = n = [[n]] and [[x]]❍
?
is discontinuous from the left at all integers

lim
x→n−

[[x]] = n− 1 �= n = [[n]] .

Definition 4.3: [Continuity on a closed Interval ]
A function f is continuous on the closed interval [a, b] if it is continuous on the open interval
(a, b) , f is continuous from the right at a ( lim

x→a+
f(x) = f(a)) and f is continuous from the

left at b. ( lim
x→b−

f(x) = f(b).)

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 3. Discuss the continuity of f(x) =
√

25− x2.❍
?

Solution: Notice that the domain of f is the closed interval D(f) = [−5, 5], so we need check the
continuity of f on the open interval (−5, 5) and at the endpoints. Let a ∈ (−5, 5), then

lim
x→a

f(x) = lim
x→a

√
25− x2 =

√
25− a2 = f(a).

Hence f is continuous on the open interval (−5, 5). Also f is continuous at the endpoints because

lim
x→−5+

f(x) = lim
x→−5+

√
25− x2 = 0 = f(−5) and lim

x→5−
f(x) = lim

x→5−

√
25− x2 = 0 = f(5).

Therefore, f is continuous on the closed interval [−5, 5]. �

Theorem 4.1: [Properties of Continuity]
If f and g are continuous function at a and k is any real number, then the following functions
are continuous at a.

1. Sum and Difference: f ± g 2. Product: fg

3. Quotient:
f

g
provided g(a) �= 0 4. Constant multiple: kf .

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Theorem 4.2: [Basic Continuous Functions]
The following types of function are continuous at every point in their domains.

1. Polynomial functions: p(x) = anx
n + an−1x

n−1 + ...+ a1x+ a0

2. Rational functions: r(x) =
p(x)

q(x)
, p(x) and , q(x) are polynomials.

3. Radical functions: f(x) = n
√
x

4. Trigonometric functions: sin x, cos x, tan x, sec x, cscx, cot x

5. Inverse Trigonometric functions: sin−1 x, cos−1 x, tan−1 x, sec−1 x, csc−1 x, cot−1 x

6. Exponential and Logarithmic functions: ex, ax a > 0, ln x, loga x

Example 4. Determine the intervals on which f(x) =
x2 + x − 12

x2 − 3x
❍? is continuous.

Solution: Notice that f(x) =
x2 + x − 12

x2 − 3x
is a rational function, then it is continuous on its domain which

is the set of real number except the zeroes of the denominator. Now

x2 − 3x = 0 ⇔ x(x − 3) = 0

⇔ x = 0 or x = 3.

Hence f is continuous on
R \ {0, 3} = (−∞, 0) ∪ (0, 3) ∪ (3,∞).

�

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 5. Find all discontinuities of g(x) =

⎧⎨
⎩

2x+ 1, x ≤ 0;√
x+ 1− 1

x
, x > 0.

Solution:

Notice that g(x)❍? is continuous for any x �= 0. For x = 0, we have g(0) = 2(0) + 1 = 1. To
find lim

x→0
g(x) we have to compute lim

x→0+
g(x) and lim

x→0−
g(x).

lim
x→0−

g(x) = lim
x→0−

√
x+ 1− 1

x
substitution will give I.F. 0/0.

= lim
x→0−

√
x+ 1− 1

x
·
√
x+ 1 + 1√
x+ 1 + 1

use (a − b)(a + b) = a2 − b2.

= lim
x→0−

(x− 1)− 1

x(
√
x+ 1 + 1)

= lim
x→0−

�x

�x(
√
x+ 1 + 1)

= lim
x→0−

1√
x+ 1 + 1

=
1

2

lim
x→0+

g(x) = lim
x→0+

(2x+ 1) = 1.

Thus lim
x→0

g(x) DNE❍? Hence g is discontinuous at x = 0. �

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 6. Find the value of a that makes the given function continuous on R

f(x) =

{
5x− 2, x ≥ 2;
ax2 + 2, x < 2.

.

Solution: f is continuous on the set of real numbers if it is continuous at x = 2 and f is
continuous at x = 2 if and only if lim

x→2+
f(x) = lim

x→2−
f(x). Now

lim
x→2+

f(x) = lim
x→2+

(5x− 2) = 5(2)− 2 = 8 and

lim
x→2−

f(x) = lim
x→2−

(ax2 + 2) = a(2)2 + 2 = 4a+ 2.

Hence

4a+ 2 = 8 ⇔ 4a = 6 ⇔ a =
6

4
=

3

2
.

�
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Example 7. Where is the function f(x) =
lnx+ tan−1 x

x2 − 4
continuous?

Solution: Notice that f(x) =
lnx+ tan−1 x

x2 − 4
❍? is the quotient of lnx + tan−1 x and x2 − 4,

then

D(f) = D(ln x+tan−1 x)∩D(x2−4)\{x : x2−4 = 0} = (0,∞)∩R\{±2} = (0,∞)\{±2} = (0, 2)∪(2,∞).

Hence f is continuous on (0, 2) ∪ (2,∞). �

Example 8. Find all discontinuities of f(x) =
x√
x− 2

Solution: Notice that f(x) =
x√
x− 2

❍? is the quotient of x and
√
x− 2, then

D(f) = D(x) ∩D(
√
x− 2) \ {x : x− 2 = 0} = R ∩ [2,∞) \ {2} = [2,∞) \ {2} = (2,∞).

Hence f(2) is undefined and f is discontinuous at x = 2. �

Theorem 4.3: [The Limit and Continuity of a Composite Function]
Let f and g be two functions and let a and L be two real numbers.

1. If lim
x→a

g(x) = L and f is continuous at L, then lim
x→a

f(g(x)) = f
(
lim
x→a

g(x)
)
= f(L).

2. If g is continuous at a and f is continuous at g(a), then the composite function
(f ◦ g)(x) = f(g(x)) is continuous at a.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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Example 9. Find 1. lim
x→6

cos−1

(
3

x

)
. 2. lim

x→0
sin

(
π + x

x+ 1

)
.

Solution:

1. lim
x→6

cos−1

(
3

x

)
= cos−1

(
lim
x→6

3

x

)
cos−1 x is continuous.

= cos−1 (
1

2
) =

π

3
.

2. lim
x→0

sin

(
π + x

x+ 1

)
= sin

(
lim
x→0

π + x

x+ 1

)
sinx is continuous.

= sin (π) = 0.

�

The Intermediate Value Theorem

Theorem 4.4: [Intermediate Value Theorem]
If f is continuous on the closed interval [a, b] and k is any number between f(a) and f(b),
then there is at least one number c in [a, b] such that f(c) = k.

❘ ➡ ➡ ➦ � � � � ➥ ➡ �
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The intermediate value theorem states that
as x varies from a to b, the continuous func-
tion f takes on every value between f(a)
and f(b). If we think of a continuous func-
tion as a function whose graph has no hole
or break extending from the point (a, f(a)) to
the point (b, f(b)), as illustrated in the Figure,
then for any number k between f(a) and f(b),
the horizontal line y = k intersects the graph
in at least at one point. The x-coordinate c of
the intersection point is the number such that
f(c) = k.
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Example 10. Show that function f(x) = x3 + 2x2 − 1 has a zero in the interval [0, 1].

Solution: Notice that f(x) = x3 + 2x2 − 1 is polynomial function, then it is continuous on
its domain which is the set of real number. Hence f(x) = x3 + 2x2 − 1 is continuous on the
closed interval [0, 1]. Now, since

f(0) = (0)3 + 2(0)2 − 1 = −1 and

f(1) = (1)3 + 2(1)2 − 1 = 1 + 2− 1 = 2.

Hence

f(0) = −1 < 0 < 2 = f(1).

Therefore by the Intermediate Value Theorem
there exist some c in [0, 1] such that f(c) = 0.
Hence

f(x) = x3 + 2x2 − 1

has a zero in the interval [0, 1].
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